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In this paper, we consider a two-component atomic Bose lattice gas inside an optical cavity to explore
a competition between the short-range collisional and cavity-mediated long-range interactions. Utilizing a
self-consistent mean-field approach, we map out the ground-state phase diagrams showing the superfluid,
lattice supersolid, Mott insulator, and spin-density wave phases. Unlike its single-component analog, this lattice
supersolid is here characterized by the coexistence of the superfluid and the spin-density wave. Moreover, for
the relatively small long-range interaction, the phase diagrams exhibit a correspondence between the parity of
the lattice filling number and the spin imbalance. Finally, we propose how to detect the different quantum phases
under current experimental setups.
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I. INTRODUCTION

Recent experimental breakthrough of ultracold quantum
gases in optical lattices has opened up a new avenue toward
exploring quantum many-body physics [1–4]. The experi-
mental feasibility to engineer lattice geometry using lasers
and the tunability of interaction strength by Feshbach res-
onance make such system an excellent simulator of a vast
kind of condensed matter phenomena [1]. However, the ex-
periments are mostly limited to short-range collisional in-
teractions [5–7], which hinders the further investigation of
complex quantum phenomena originating from long-range in-
teractions. Fortunately, the dynamical atom-photon coupling
enhanced by an optical cavity offers a viable solution to
overcome this drawback [8–12]. Through exchanging photons
with a radiation field, ultracold atoms loaded inside a cavity-
generated optical lattice can establish an indirect long-range
interaction. Utilizing this setup, some judicious experiments
have faithfully realized a long-range interaction between sin-
gle component lattice bosons, and various quantum phases
from competing short- and long-range interactions have been
observed [9].

Apart from its motional character, internal degrees of
freedom such as spin or quasispin in lattice models are at
the heart of diverse novel physical phenomena [13–31]. This
necessitates the introduction of additional internal compo-
nents to lattice atomic gases, which may enrich the quantum
simulating toolbox. As a matter of fact, a series of promi-
nent cold atom experiments have realized multicomponent
systems, such as Fermi-Bose [32,33], Fermi-Fermi [34], and
Bose-Bose [35–37] mixtures. Theoretical interest in these
systems is also tremendous. Notable examples include the
prediction of exotic quantum phases which are exclusive to
two-component lattice bosons, such as the supercounterfluid
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and pairsuperfluid phases [15,28,29]. The former corre-
sponds to a zero net atomic superfluid current but nonzero
currents of the component in opposite direction, while the
latter refers to a superfluid of pairs where bosons of different
components hop together in the lattice. Putting these fruitful
achievements aside, novel perspectives on such systems may
be gained by applying an additional dynamic cavity field,
which imposes extra constraints on various degrees of free-
dom. Actually, it has been shown that the cavity-mediated
interactions among two-component bosons are effectively
described by long-range spin-spin couplings [38,39]. These
couplings are responsible for a class of magnetic phases,
some of which have been successfully realized of late [38,40].
Note that the spin-spin interactions involved in this research
are purely induced by cavity fields, whereas the intrinsic
short-range collisional interaction is absent. An understanding
of quantum phases which are born out of the competition
between the short- and long-range interactions in a two-
component lattice bosons is thus appealing.

In this paper, we consider a two-component ultracold
Bose gas subject to cavity-assisted Raman coupling in a
two-dimensional optical lattice. Adiabatically eliminating the
cavity field, the system can be effectively described by an
extended Bose-Hubbard model with both the on-site and dy-
namic long-range interactions. Using a self-consistent mean-
field approach, we obtain the ground-state phase diagrams
and analyze the type of the involved transitions. It is shown
that the system displays the superfluid, lattice supersolid [41],
Mott insulator„ and spin-density wave phases. In contrast
to the single-component case [42–49], this lattice supersolid
predicted here is characterized by the coexistence of the super-
fluid and the spin-density wave. Moreover, for the relatively
small long-range interaction, the phase diagrams exhibit a
correspondence between the parity of the lattice filling num-
ber and the spin imbalance. Finally, we propose how to de-
tect the different quantum phases under current experimental
setups.
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FIG. 1. (a) Schematic of the proposed experimental setup. Two-
component bosons confined in a two-dimensional optical lattice are
loaded in a cavity, which is subject to a pumping laser. (b) The atomic
energy levels and their transitions. Here we take 87Rb atom as an
example. Two ground states are chosen as two Zeeman sublevels of
52S1/2, |F = 2, mF = −2〉 = |↑〉 and |F = 1, mF − 1〉 = |↓〉, where
F is the total angular momentum and mF is the magnetic quantum
number. While two excited states are chosen as |F = 2, mF = −1〉 =
|1〉 and |F = 2, mF = −2〉 = |2〉 of 52P3/2. For these four energy
levels, the pumping laser and the cavity field for governing two sep-
arate Raman processes should be circularly and linearly polarized,
respectively. The definition of different labels can be seen in the main
text.

II. MODEL AND HAMILTONIAN

We consider a two-component ultracold gas of bosonic
atoms confined tightly in a two-dimensional (xy) square op-
tical lattice with the strength V0, as shown in Fig. 1(a). The
atoms experience the fundamental mode of a high-finesse
optical cavity along the x direction and a transverse pumping
laser along the y direction. The cavity field and the pumping
laser define two separate Raman processes (we take the z
direction as the quantization axis), coupling two hyperfine
ground states (|↑〉, |↓〉) of the atoms [see Fig. 1(b) and its
caption for details]. The frequency of the pumping laser ωp

is close to that of the cavity mode ωc, both of which are
red detuned from two excited states (|1〉, |2〉) by a large two-
photon detuning |�| � {|g0|, |�0|}, where g0 and �0 are the
Rabi frequencies of the cavity field and the pumping laser,
respectively. The scattered light of the pumping laser oscil-
lates resonantly along the longitude direction of the cavity,
mediating an effective long-range atom-atom interaction.

For the deep background optical lattice, the effective
Hamiltonian for describing such a system is written in the

tight-binding approximation as (see Appendix for details)

Ĥ =−μ
∑
j,σ

n̂ j,σ − t
∑

〈i, j〉,σ
(d̂†

i,σ d̂ j,σ + H.c.)

+V
∑
j,σ

n̂ j,σ (n̂ j,σ − 1) + V↑↓
∑

j

n̂ j,↑n̂ j,↓

− U

L

(∑
e

d̂†
e,↑d̂e,↓ −

∑
o

d̂†
o,↑d̂o,↓ + H.c.

)2

. (1)

In the Hamiltonian (1), the operator d̂†
j,σ (d̂ j,σ ) creates (annihi-

lates) a boson with spin σ at lattice site j and n̂ j,σ = d̂†
j,σ d̂ j,σ .

The symbol 〈i, j〉 indicates that the summation runs over all
pairs of nearest-neighboring sites and the subscript e(o) means
that the lattice sites i = (ix, iy) obey ix + iy ∈ even (odd). μ is
the chemical potential, t is the hopping rate of the nearest-
neighboring site, V (V↑↓) is the on-site intraspin (interspin)
interaction strength, and H.c. is the Hermitian conjugate. The
last term of the right part of the Hamiltonian (1) models the
cavity-mediated long-range interaction with the strength

U = −L|ηM0|2δ̃
δ̃2 + κ2

, (2)

where L is the lattice size, κ is the cavity decay rate,
η = g0�0/(2�) is the two-photon Rabi frequency,
δ̃ = �c − NM1 is the effective cavity detuning with N
being the total atom number and �c = ωp − ωc, M0 =∫∫

dxdyW ∗
j (x, y) cos(k0x) cos(k0y)Wj (x, y) and M1 =

(g2
0/�)

∫∫
dxdyW ∗

j (x, y) cos2(k0x)Wj (x, y) with Wj (x, y)
being the Wannier function centered at site j and k0 being the
wave vector of the cavity field. Similarly to the experiment in
Ref. [9], this wave vector is here considered to be the same as
that of the two-dimensional background lattice potential. Note
that the long-range interaction strength U , the short-range
interaction strength V (V↑↓), and the hopping rate t can be
tuned independently by varying the lattice depth V0, the Rabi
frequency �0, and the cavity detuning �c. We assume U > 0
hereafter, which can be easily satisfied by letting δ̃ < 0.

Notice that the long-range interaction is proportional to
the spin imbalance between the even and odd sites; it is thus
expected that a spin-density wave structure may come out of
the present atom-photon coupling.

III. GROUND-STATE PROPERTIES

In order to access the ground-state properties of our con-
sidered two-dimensional system, the mean-field decoupling
approximation is usually used to simplify the Hamiltonian (1)
[9,31,42,43,50–53]. Since the infinite-range interaction 	̂2 =
[
∑

e (d̂†
e,↑d̂e,↓ + d̂†

e,↓d̂e,↑) − ∑
o (d̂†

o,↑d̂o,↓ + d̂†
o,↓d̂o,↑)]

2
, it usu-

ally makes the system favor the different spins between the
even and odd sites when lowering the energy of the Hamilto-
nian (1), which indicates the possible occurrence of the broken
of the Z2 symmetry of spin. When considering this fact, we de-
couple this infinite-range interaction by introducing the order
parameter θ = 〈(d̂†

e,↑d̂e,↓ + d̂†
e,↓d̂e,↑) − (d̂†

o,↑d̂o,↓ + d̂†
o,↓d̂o,↑)〉,

which describes the average spin imbalance between the even
and odd sites [42,43,45]. If neglecting the term quadratic
in fluctuations, then 	̂2 ≈ 2〈	̂〉	̂ − 〈	̂〉2 = Lθ	̂ − L2θ2/4.
On the other hand, the hopping term is generally
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FIG. 2. Phase diagram in the Ṽ↑↓-μ̃ plane with t̃ = 0 and Ũ = 0.

The quantum phases differ from each other by their filling numbers
n denoted in the diagram.

decoupled through the site-independent superfluid order pa-
rameter [50]. However, in our case the superfluid order param-
eters between the even and odd sites might be different due
to the possible occurrence of the broken of the Z2 symmetry.
This means that we should introduce four superfluid order pa-
rameters φe/o,σ = 〈d̂e/o,σ 〉 [31,43,44], from which d̂†

e,σ d̂o,σ +
d̂†

o,σ d̂e,σ ≈ φe,σ (d̂o,σ + d̂†
o,σ ) + φo,σ (d̂e,σ + d̂†

e,σ ) − 2φe,σ φo,σ .
Based on the above mean-field decoupling approxima-

tion, the Hamiltonian (1) reduces to an effective two-site
Hamiltonian

2ĤM

L
= −μ

∑
σ

(n̂e,σ + n̂o,σ )− t
∑

σ

[φe,σ (d̂o,σ + d̂†
o,σ )

+φo,σ (d̂e,σ + d†
e,σ ) − 2φe,σ φo,σ ]

+V↑↓(n̂e,↑n̂e,↓ + n̂o,↑n̂o,↓)

+V
∑

σ

[n̂e,σ (n̂e,σ − 1) + n̂o,σ (n̂o,σ − 1)]

−Uθ [(d̂†
e,↑d̂e,↓ + d̂†

e,↓d̂e,↑) − (d̂†
o,↑d̂o,↓ + d̂†

o,↓d̂o,↑)]

+ U

2
θ2. (3)

The order parameters θ and φe/o,σ can be determined self-
consistently by diagonalizing the mean-field Hamiltonian (3)
using an iterative algorithm [54]. The ground state is the
superfluid (spin-density wave) if φe/o,σ (θ ) is nonzero, while a
lattice supersolid is characterized by the coexistence of the
superfluid and the spin-density wave, meaning both φe/o,σ

and θ are nonzero. For simplicity, in the following discus-
sion the system parameters are normalized with respect to
the intraspin interaction strength V , i.e., Ṽ↑↓ = V↑↓/V, μ̃ =
μ/V, Ũ = U/V , and t̃ = t/V . We also consider regime where
Ṽ↑↓ < 2, which excludes the spatial demixing of the inner
components [25,31].

We first discuss the parameter regime which is deep in-
side the insulating regime (t̃ = 0). If we further assume the
atom-cavity coupling is switched off (i.e., Ũ = 0), then the
Hamiltonian (1) is reduced to a standard two-component
Bose-Hubbard model. Figure 2 shows the phase diagram
as a function of Ṽ↑↓ and μ̃. This phase diagram is fully
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FIG. 3. Phase diagrams in the μ̃-Ũ plane with t̃ = 0 for (a) Ṽ↑↓ =
0, (b) Ṽ↑↓ = 0.5, (c) Ṽ↑↓ = 1, and (d) Ṽ↑↓ = 1.5. MIn and SDWn

denote the Mott insulator and spin-density wave phases, which are
specified by the filling number n. The solid and dashed lines denote
the first- and second-order transitions, respectively. The blue dots
indicate the analytical results according to Eqs. (9), (11), and (12).
The red solid line at Ũ = 0 denotes the Mott insulator.

characterized by the filling number n = N/L [55]. The in-
terspin interaction Ṽ↑↓ couples the two components of the
atoms, leading to the odd filling phases with n↑ − n↓ = ±1.
The range of the corresponding chemical potential is given by
n − 1 + (n − 1)Ṽ↑↓/2 < μ̃ < (n − 1) + (n + 1)Ṽ↑↓/2. Since
each site in this case is doubly degenerate, the ground state
should be 2L degenerate. This degeneracy is lifted by turning
on the atom-cavity coupling (i.e., Ũ 
= 0). In Fig. 3, we plot
the phase diagrams as functions of Ũ and μ̃ for different
Ṽ↑↓. For small Ũ , the ground-state spin texture exhibits an
odd-even filling-dependent behavior. That is, the ground-state
is the Mott insulator (θ = 0) for the even filling, whereas
it is the spin-density wave for the odd filling. Increasing Ũ
further beyond a critical value Ũc (depending on Ṽ↑↓), all
quantum phases become the spin density waves despite their
filling numbers. Apart from these common features, the phase
diagrams in Figs. 3(a)–3(d) differ from each other by the
location of the critical line Ũ = Ũc and the basic structure of
the phase boundaries. In Fig. 4, we plot the phase diagrams
as functions of Ṽ↑↓ and Ũ . This figure shows that below Ũc,
odd-even filling-dependent behavior also exists. Moreover,
with increasing V↑↓, Ũc decreases linearly.

To get a quantitative understanding of these phase dia-
grams, we employ a perturbative analysis of the mean-field
Hamiltonian (3). In terms of the spin operators Ŝz

j = (n̂ j,↑ −
n̂ j,↓)/2 and Ŝx

j = (d̂†
j,↑d̂ j,↓ + d̂†

j,↓d̂ j,↑)/2, this Hamiltonian is
rewritten as

2Ĥ

N
= Ĥ ′ + Ĥ0, (4)

where

Ĥ ′ = −2Ũθ
(
Ŝx

e − Ŝx
o

)
,

Ĥ0 = (2 − Ṽ↑↓)
(
Ŝz2

e +Ŝz2
o

) + Ũ

2
θ2

+ 1
4 (2 + Ṽ↑↓)[(n̂e,↑ + n̂e,↓)2 + (n̂o,↑ + n̂o,↓)2]

− (1 + μ̃)(n̂e,↑ + n̂e,↓ + n̂o,↑ + n̂o,↓). (5)
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FIG. 4. Phase diagrams in the Ṽ↑↓-Ũ plane with t̃ = 0 for (a) μ̃ =
0.5, (b) μ̃ = 1, (c) μ̃ = 1.5, and (d) μ̃ = 2. The solid and dashed
lines denote the first- and second-order transitions, respectively. The
blue dots indicate the analytical results according to Eqs. (9), (11),
and (12). The red solid line at Ũ = 0 denotes the Mott insulator.

For small Ũ , Ĥ ′ is a perturbation of Ĥ0. The eigenstate of Ĥ0

is naturally chosen as the Dicke state, which is the simulta-
neous eigenstate of the collective spin angular momentum Ŝ
and its z component Ŝz. For the filling number n, the Dicke
state is expressed as |n/2, me/o〉, which obeys Ŝz

e|n/2, me〉 =
me|n/2, me〉 and Ŝz

o|n/2, mo〉 = mo|n/2, mo〉. In terms of this
eigenstate, the eigenenergy

E0 = (2 − Ṽ↑↓)
(
m2

e + m2
o

) + Ũ

2
θ2

+ 1

2
(2 + Ṽ↑↓)n2 − 2(1 + μ̃)n. (6)

The ground-state energy requires me = mo = 0 for the even
filling, and me = ±1/2 and mo = ±1/2 for the odd filling.
This means that for the even filling the ground state is nonde-
generate, while it becomes quadruple degenerate for the odd
filling. As a result, the total ground-state energies of Ĥ for the
even and odd fillings are quite different.

For the even filling, the second-order perturbative ground-
state energy of Ĥ is calculated as

E0
even = 1

2 (2 + Ṽ↑↓)n2 − 2(1 + μ̃)n + βθ2, (7)

where the coefficient

β = Ũ

2
− 4Ũ 2

2 − Ṽ↑↓

[n

2

(n

2
+ 1

)]
. (8)

The choice of θ (zero or a finite value) is determined by the
sign change of β [56]. This indicates that the critical value of
Ũ can be found with β = 0, i.e.,

Ũc = 2 − Ṽ↑↓
2n2 + 4n

. (9)

When Ũ < Ũc, β > 0, i.e., θ = 0, which means that the
system is in the Mott insulator phase. As Ũ > Ũc, β < 0, i.e.,
θ becomes nonzero which indicates that the system enters into
the spin-density wave phase.
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for (a) {Ũ = 0.1, Ṽ↑↓ = 0.3, μ̃ = 1.5} and (b) {Ũ = 0.4, Ṽ↑↓ =
0.5, μ̃ = 1}.

For the odd filling, the first-order perturbative ground-
state energy of Ĥ is calculated as E (1)

01 = −Ũθ (n + 1), E (1)
02 =

Ũθ (n + 1), E (1)
03 = 0, and E (1)

04 = 0. For lowering the energy,
θ should be nonzero, which shows that the system is always in
the spin-density wave phase. This, together with the fact of the
even filling, explains an odd-even-filling-dependent behavior
in Fig. 3.

Since E (1)
01 and E (1)

02 are symmetric with respect
to Ũθ , here we choose θ > 0 for simplicity. In this
case, the zero-order wave function of Ĥ is given by
| (0)〉=1/2(−|n/2, 1/2〉|n/2, 1/2〉+|n/2, 1/2〉|n/2,−1/2〉−
|n/2,−1/2〉|n/2, 1/2〉 + |n/2,−1/2〉|n/2,−1/2〉), from
which θ = 2〈Ŝx

e − Ŝx
o〉 = 1/2(n + 1). Thus, the first-order

perturbative ground-state energy is given finally as

E0
odd = 2 − Ṽ↑↓

2
+ 2 + Ṽ↑↓

2
n2 − 2(1 + μ̃)n − 3Ũ

8
(n + 1)2.

(10)

Since in the case of Ũ < Ũc the ground-state energy of the
phase boundary for the even filling is equal to that of the odd
filling, we have

Ũ = 8[2(μ − n) − nṼ↑↓]

3(n + 1)2
, (11)

Ũ = 8[2(1 + μ − n) − Ṽ↑↓(1 + n)]

3(1 + n)2
. (12)

Equations (9), (11), and (12) completely summarize the phase
boundaries for Ũ < Ũc with t̃ = 0. They are in great agree-
ment with the numerical results obtained by the self-consistent
mean-field treatment, as shown in Figs. 3 and 4.

Having understood the physics in the insulating limit, we
now switch on the atom hopping t̃ and see what happens.
Before characterizing the full phase diagram, it is instructive
to catch some intuitive insights into the evolution of the
order parameters with respect to t̃ . As an exemplary case,
Figs. 5(a) and 5(b) show the impacts of a finite t̃ on the Mott
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the superfluid and lattice supersolid phases, respectively.

insulator and spin-density wave phases, respectively. As
shown in Fig. 5(a), an increasing atom hopping directly drives
the system from the Mott insulator phase to the superfluid
phase with the broken of the U (1) symmetry. Whereas in
Fig. 5(b), as t̃ increases, the system goes into the superfluid
phase from the Mott insulator phase with an intermediate
region (φe/o,σ 
= 0, θ 
= 0, φe,σ 
= φo,σ ) sitting in between.
In this region, the Z2 and U(1) symmetries are broken
simultaneously.

In Fig. 6, we plot the phase diagrams as functions of t̃
and μ̃ for different Ũ and Ṽ↑↓. The quantum phases for the
small hopping strength basically follow those of zero hopping.
That is, in the case of Ũ < Ũc, the Mott insulator and spin-
density wave phases alternatively appear as μ̃ increases [see
Fig. 6(a)]. For Ũ > Ũc, only the spin-density wave phase can
be found [see Figs. 6(b)–6(d)]. When Ũ is small, the spin-
density wave phase becomes the superfluid phase through
a first-order transition with increasing t̃ [see Fig. 6(a)]. For
strong Ũ , further increasing t̃ , the system undergoes a second-
order transition from the spin-density wave phase to the lattice
supersolid phase and eventually reaches the superfluid phase
in the large-t̃ limit through a first-order transition. The lattice
supersolid region can be enlarged by increasing either Ũ
[see Figs. 6(a)–6(b)] or Ṽ↑↓ [see Figs. 6(b)–6(d)]. In Fig. 7,
we plot the phase diagrams as functions of Ũ and Ṽ↑↓ for
different t̃ with μ̃ = 1. For small t̃ , a second-order transition
from the Mott insulator phase to the superfluid phase only
occurs for a weak Ũ and a strong Ṽ↑↓ [see Fig. 7(a)]. With
increasing t̃ , first- and second-order transitions from the su-
perfluid and spin-density wave phases to the lattice supersolid
phase emerge, respectively [see Fig. 7(b)]. For strong t̃ , the
lattice supersolid phase emerges at a strong Ũ [see Figs. 7(c)
and 7(d)]. The broken symmetries of the phase transitions in
Figs. 6 and 7 are summarized in Table I.

Notice that fixing the particle number is more experimen-
tally realistic than specifying the chemical potential, and, as
expected from above discussions, the parity of the particle
filling may play an important role in defining the insulating
character of the ground state. Therefore, in Fig. 8 we plot the
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FIG. 7. Phase diagrams in the Ṽ↑↓-Ũ plane with μ̃ = 1 for (a) t̃ =
0.1, (b) t̃ = 0.5, (c) t̃ = 1, and (d) t̃ = 2. The solid and dashed lines
denote the first- and second-order transitions, respectively.

phase diagrams as functions of t̃ and Ũ for two representa-
tive fillings, n = 2 and n = 3. Figure 8(a) shows the phase
diagram for the even filling, n = 2. It is observed that for
small t̃ , a second-order transition between the Mott insulator
and spin density wave phases takes place at Ũ = Ũc. On
increasing t̃ , we find the usual second-order transition from
the Mott insulator phase to the superfluid phase in the case
of Ũ < Ũc. While for Ũ > Ũc, the spin-density wave phase
first crosses the lattice supersolid region and then undergoes
a first-order transition to the superfluid phase. In Fig. 8(b),
we plot the phase diagram for the odd filling, n = 3. In this
case, no Mott insulator phase exists and one instead observes
a first-order transition between the spin-density wave and
superfluid phases for small Ũ . For increasing Ũ , the lattice
supersolid phase appears, separating the spin-density wave
and superfluid phases. The broken symmetries of the phase
transitions in Fig. 8 are also summarized in Table I.

IV. PARAMETER ESTIMATION AND POSSIBLE
EXPERIMENTAL OBSERVATION

We estimate the parameters based on recent experiments
where 87Rb ultracold atoms load in an optical cavity [9,38].
In these experiments, about 4.2(4) × 104 atoms are trapped
in the two-dimensional background optical lattice with the
wavelength λ = 785.3 nm. The corresponding recoil energy
is Er = h2/(2mλ2) ∼ 10 kHz (m is the atomic mass). We

TABLE I. The broken symmetries and orders of the different
transitions in the phase diagrams (6), (7), and (8) (n 
= n′).

Quantum phase Symmetry
transition broken Order

MIn-SF U (1) Second
SDWn-LSS U (1) Second or First
LSS-SF Z2 First
MIn-SDWn(SDWn′ ) Z2 Second (First)
SDWn-SF U (1), Z2 First
SDWn-SDWn′ Ø First
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FIG. 8. Phase diagrams in the t̃-Ũ plane with Ṽ↑↓ = 0.5 for
(a) n = 2 and (b) n = 3. The solid and dashed lines denote the first-
and second-order transitions, respectively.

choose two Zeeman sublevels of 52S1/2, |F, mF 〉 = |1,−1〉 =
|↓〉, and |F, mF 〉 = |2,−2〉 = |↑〉 as an example. This choice
has two advantages. One is that the ratio of the interaction
strengths V↑↓ and V can be tuned experimentally by the inter-
spin Feshbach resonance [57]. The other is that these Zeeman
sublevels can be well coupled by two Raman processes. In this
case, the two-photon detuning |�| can be set about 100 GHz
[38] and (|g0|, |�0|, |�c|) can be set to be on the order of
a few MHz [9]. Since |�| � {|g0|, |�0|, |�c|}, the adiabatic
elimination can be well satisfied. In typical experiments [8,9],
the cavity decay rate κ ∼ 10 MHz is much larger than the
recoil energy, and the steady-state approximation can thus be
applied safely. When the lattice depth V0 is adjusted from
3Er to 18Er and �c is tuned below −2π × 18.3 MHz, the
energy scales, including 2V, V↑↓, U and t , are at least five
times smaller than the gap between the lowest and first excited
Bloch bands [9]. As a result, the single-band approximation in
deriving the effective Hamiltonian (1) is valid [9].

Finally, we propose how to detect the different quantum
phases. The superfluid and Mott insulator can be distinguished
by measuring the BEC fraction f = Nc/N (Nc is the coherent
atom number). f is determined by observing the interference
pattern with absorption images of atomic cloud in momentum
space [1,9]. In the superfluid phase, f 
= 0, while in the Mott
insulator phase, f = 0. Since θ ≈ √

nph(�2
c/η

2) (nph is the in-
tracavity photon number) [9], the spin-density wave phase can
be determined by detecting the intracavity photon number, and
the lattice supersolid is characterized by nonzero f and nph.

V. CONCLUSION

In summary, by considering a two-component atomic Bose
lattice gas inside an optical cavity, we have explored a
novel competition between the short-range collisional and
cavity-mediated long-range interactions. We have shown that
this competition generates rich ground-state phase diagrams

showing the superfluid, lattice supersolid, Mott insulator, and
spin-density wave phases. Unlike its single-component ana-
log, this lattice supersolid predicted here is characterized by
the coexistence of the superfluid and the spin-density wave.
Moreover, for the relatively small long-range interaction, the
phase diagrams exhibit a correspondence between the parity
of the lattice filling number and the spin imbalance. Finally,
we have proposed how to detect the different quantum phases
under current experimental setups.
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APPENDIX: THE DERIVATION OF THE EFFECTIVE
HAMILTONIAN (1)

In this Appendix, we present the detailed derivation of the
Hamiltonian (1). We start with a single-atom time-dependent
Hamiltonian Ĥ (1)(t ) = Ĥ (1)

A + Ĥ (1)
A-P(t ), where

Ĥ (1)
A =

∑
i=1,2,↑,↓

ωi|i〉〈i| + ωcâ†â

+ p2
x,y

2m
+ V0[cos2(k0x) + cos2(k0y)], (A1)

Ĥ (1)
A-P(t ) = �(y)

2
e−iωpt (|1〉〈↑| + |2〉〈↓|)

+ g(x)â(|1〉〈↓| + |2〉〈↑|) + H.c. (A2)

In the Hamiltonian H (1)
A , ωi is the eigenfrequency of the

internal state |i〉. For simplicity, we take ω1 = ω2 = ωA and
ω↑ = ω↓ = 0. px,y and m are the momentum and mass of the
atoms, respectively. V0 and k0 are the depth and the wave
vector of the two-dimensional background lattice potential,
respectively. This wave vector is the same as that of the cavity
field. In the Hamiltonian Ĥ (1)

A-P(t ), �(y) = �0 cos(k0y) and
g(x) = g0 cos(k0x) are the spatial-dependent Rabi frequency
and atom-cavity coupling strength, respectively.

By performing a unitary transformation operator, Û (t ) =
exp[iωpt (â†â + |1〉〈1| + |2〉〈2|)], the time-dependent Hamil-
tonian H (1)(t ) becomes

Ĥ (2) = −�câ†â + p2
x,y

2m
+ V0[cos2(k0x) + cos2(k0y)]

−�(|1〉〈1| + |2〉〈2|) + 1

2
[�(y)(|1〉〈↑| + |2〉〈↓|)

+ g(x)â(|1〉〈↓| + |2〉〈↑|)] + H.c., (A3)

where �c = ωp − ωc and � = ωp − ωA. As |�| �
{|g0|, |�0|, |�c|}, the excited states |1〉 and |2〉 can
be eliminated adiabatically. The effective Hamiltonian
reduces to

H (3) = (ω − �c)â†â + p2
x,y

2m
+ V0[cos2(k0x) + cos2(k0y)]

+ η cos(k0x) cos(k0y)(|↓〉〈↑| + |↑〉〈↓|)(â† + â),

(A4)

where η = g0�0/(2�) and ω = |g0|2 cos2(k0x)/�.
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We now incorporate the short-range contact interactions between the atoms. The extended many-body Hamiltonian can be
written as

Ĥ (4) =
∑

σ

∫∫
dxdyψ̂†

σ (x, y)

[
p2

x,y

2m
+ V0(x,y) − μ + ωâ†â

]
ψ̂σ (x, y) + V 2d

↑↑

∫∫
dxdyψ̂†

↑(x, y)ψ̂†
↑(x, y)ψ̂↑(x, y)ψ̂↑(x, y)

+V 2d
↓↓

∫∫
dxdyψ̂†

↓(x, y)ψ̂†
↓(x, y)ψ̂↓(x, y)ψ̂↓(x, y) + V 2d

↑↓

∫∫
dxdyψ̂†

↑(x, y)ψ̂†
↓(x, y)ψ̂↓(x, y)ψ̂↑(x, y)

+ η(â† + â)
∫∫

dxdy[ψ̂†
↑(x, y)ψ̂↓(x, y) + ψ̂

†
↓(x, y)ψ̂↑(x, y)] cos(k0x) cos(k0y) − �câ†â. (A5)

In the Hamiltonian (A5), ψ̂σ (x, y) denotes the field operator at position (x, y) with the internal state σ (σ =↑,↓). V 2d
↑↑ = V 2d

↓↓ =
2πas↑↑/↓↓h̄2/(mπρ2) = V 2d and V 2d

↑↓ = 4πas↑↓h̄2/(mπρ2) are the contact interaction strengths between the atoms with the
same and different internal states, respectively. as↑↑/↓↓ and as↑↓ are the two-body scattering lengths of the same and different
internal states, respectively. ρ is a radial characteristic length.

Since here we consider the deep background optical lattice, the field operator ψ̂σ (x, y) can be expanded by the lowest-band
Wannier function Wi(x, y) = W (x − xi, y − yi ), i.e., ψ̂σ (x, y) = ∑

i,σ d̂i,σWi(x, y), where d̂i,σ is the operator annihilating a single
particle with internal state σ at site i. Therefore the single-band tight-binding Hamiltonian is

Ĥ (5) = (−�c + M1N )â†â − t
∑
i,σ

(d̂†
i,σ d̂i+1,σ + H.c.) + η(â† + â)M0

∑
ix,iy

(−1)ix+iy (d̂†
i,↑d̂i,↓ + d̂†

i,↓d̂i,↑)

+V
∑
j,σ

n̂ j,σ (n̂ j,σ − 1) + V↑↓
∑

j

n̂ j,↑n̂ j,↓ − μ
∑
j,σ

n̂ j,σ , (A6)

where

n̂ j,σ = d̂†
j,σ d̂ j,σ

t =
∫∫

dxdyW ∗
i (x, y)

[
p2

x,y

2m
+ V0(x, y)

]
Wi+1(x, y), M0 =

∫∫
dxdyW ∗

i (x, y) cos(k0x) cos(k0y)Wi(x, y),

M1 = |g0|2
�

∫∫
dxdyW ∗

i (x, y) cos2(k0x)Wi(x, y), V = V 2d
∫∫

dxdy|W ∗
i (x, y)|4,

V↑↓ = V 2d
↑↓

∫∫
dxdy|W ∗

i (x, y)|4.

For situations where the cavity-photon decays much faster than the atomic degree of freedom, we are allowed to adiabatically
eliminate the cavity field by equating the annihilation operator â with its steady-state value, i.e.,

â = ηM0

iκ + δ̃

∑
ix,iy

(−1)ix+iy (d̂†
i,↑d̂i,↓ + d̂†

i,↓d̂i,↑), (A7)

where δ̃ = �c − M1N . Substituting Eq. (A7) into the Hamiltonian (A6) yields the Hamiltonian (1) in the main text.
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