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ABSTRACT
This work suggests an approach to a new target of laser control of charge migration in molecules or molecular ions. The target is motivated by
the fact that nuclear motions can not only cause decoherence of charge migration, typically within few femtoseconds, but they may also enable
the reappearance of charge migration after much longer times, typically several tens or even hundreds of femtoseconds. This phenomenon
is called recoherence of charge migration, opposite to its decoherence. The details depend on the initiation of the original charge migration
by an ultrashort strong intense pump laser pulse. It may reappear quasiperiodically, with reference period Tr. We show that a well-designed
pump-dump laser pulse can enforce recoherences of charge migration at different target times Tc, for example, at Tc ≈ Tr/2. The approach
is demonstrated by quantum dynamics simulations of the laser driven electronic and nuclear motions in the oriented linear cation HCCI+.
First, the concept is explained in terms of a didactic one-dimensional (1D) model that accounts for the decisive CI stretch. The 1D results are
then confirmed by a three-dimensional model for the complete set of the CH, CC, and CI stretches.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5134665., s

I. INTRODUCTION

The purpose of this paper is to suggest an approach to laser
control of the timing of the recoherences of charge migration in
molecules. As a proof-of-principle, this will be demonstrated by
means of quantum dynamics simulations, with application to an
important model system, the iodoacetylenic cation HCCI+. Usually,
charge migration is initialized by means of a single ultrashort laser
pulse. The laser pulse accumulates electronic charge on a selective
molecular site. Subsequently, the excess charge migrates to another
site, and back. In ideal systems, the process is periodic, with typical

periods T in the time domain from a few hundred attoseconds (as;
this is why it may be called “attosecond electronic charge migra-
tion”) to few a femtoseconds (fs). This time T is so short that the
nuclei stand practically still during one cycle of electronic charge
migration. For pioneering work, see Refs. 1–7; recent surveys of
the literature are in Refs. 8 and 9. In real systems, the ideal peri-
odic charge migration is damped such that it disappears after a few
cycles due to decoherence effects induced by nuclear motions.10–19

Charge migration may also reappear after much longer times Tr,
say, after several tens or even hundreds of femtoseconds;11,16,19–22

this revival may be called recoherence, and Tr is the recoherence
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time.19 Recoherences may be quasiperiodic, which means that after
time Tr, they may reappear again at approximate times 2 Tr, 3 Tr,
etc. Details depend on competing effects, e.g., wave packet disper-
sion. So far, this phenomenon has been discovered, by means of
quantum dynamics simulations, in diatomic molecules11,16,20–22 and
in one polyatomic system, the HCCI+ cation19—this provides the
first motivation for our choice of this system. The second motivation
is the encouragement by the first joint experimental and theoretical
reconstruction of charge migration which has also been demon-
strated for HCCI+.9,23,24 The third motivation is due to some favor-
able properties of HCCI+, which are inherent in its emission spec-
trum25 and the related photoelectron spectrum of HCCI;26 this will
be explained later on. In all previous cases,11,16,19–22 the “timing” of
the recoherences of charge migration—by this we mean its temporal
evolution with characteristic recoherence time Tr—was determined
by the single initial laser pulse. This “traditional” scenario will serve
as a reference. The new challenge which is addressed in this work is
laser control of the timing. For example, will it be possible to design
a laser pulse which launches additional revivals of charge migration
say at time Tr/2 that means already before the “reference” time Tr,
or later on between two sequential times k × Tr and (k + 1) × Tr?

From a more general perspective, the present investigation is
embedded in the field of research on laser control of charge migra-
tion. This field may be divided into two groups for scenarios with
fixed nuclei and with moving nuclei. In the case of fixed nuclei, well
designed laser pulses can determine the mechanism of charge migra-
tion.8 This in turn may induce various consequences. For instance, it
may affect the molecular aromaticity.27 In the case of circular charge
migration, laser pulses can determine the direction (clockwise vs
counter-clockwise)6–8,28 and even switch directions, together with
the directions of the induced magnetic fields;29 see also Ref. 30. Laser
pulses may also determine the symmetry of the electronic wave func-
tion during charge migration;31 moreover, they may restore broken
electronic symmetry.32–34 The approximation of fixed nuclei implies
that all these applications of laser control of charge migration are
nonreactive.6–8,27–34 In contrast, laser control of electronic charge
migration with moving nuclei provides a doorway to laser control of
reactive processes. For example, laser pulses may support the forma-
tion of a specific product, say A + B+, of two competing dissociative
channels A + B+←AB+→A+ + B, by initializing and guiding charge
migration between two sites A and B of the reactant AB+ such that
at the end, the excess electronic charge is accumulated selectively on
one site, say on A. In the case of homonuclear diatomic cations such
as A+

2 = H+
2 , this allows us to achieve spatial separation of the prod-

ucts A and A+, e.g., the photo-dissociation of H+
2 can be controlled

such that in the laboratory frame, the products p and H are driven
toward opposite directions.12,35–43

Another stimulating type of laser control of charge migration
with moving nuclei is pump-dump control of the populations of
two competing electronic excited states in a photochemical reaction
which proceeds via a conical intersection.11 For reference, we sum-
marize some important details of this approach. Quantum dynam-
ical simulations applied to a simple two-dimensional (2D) model
yield 26% population transfer from the electronic ground state of
the reactant to its second excited state, by means of the pump laser
pulse. Subsequently, the nuclei move toward the conical intersection.
Just before the conical intersection, the dump laser pulse transfers
half of the population from the second to the first excited state.

Subsequently, the nuclei pass through the conical intersection. This
has two major consequences: (i) The period of charge migration is
slowed down when the potential energy surfaces of the two excited
states approach each other. This causes complete decoherence of
charge migration at the conical intersection. (ii) Nonadiabatic cou-
plings at the conical intersection cause additional population trans-
fer. The two mechanisms of population transfer by the dump laser
pulse and by the nonadiabatic couplings may interfere constructively
or destructively. The carrier envelope phase of the dump pulse can
then be used as a control parameter such that the combined effects
(i) and (ii) determine the ratio of the final populations of the first and
second excited states in wide ranges (from 24:76 to 76:24), at the end
of the passage via the conical intersection. This effects the outcome
of the photochemical reaction.

The present timing of the recoherences of charge migration in
the model system HCCI+ falls into the second category of laser con-
trol with moving nuclei. In fact, it exploits the well-known fact that
nuclear motions can be controlled by means of laser pulses, on the
time scale of several tens to hundreds of femtoseconds, and this will
be used to enable the switch-on and -off of attosecond electronic
charge migration at target times which are different from the ref-
erence times Tr, 2Tr, 3Tr, etc. For this purpose, we shall apply a
special version of the well-known method of pump-and-dump laser
pulse control of nuclear motions.44–46 We shall show how this yields
the goal of this work, successful control of the timing of the reco-
herences of charge migration in HCCI+, mediated by control of the
nuclear motions. The fact that we employ pump-dump laser pulses
implies some analogies of the present approach with the pioneering
application in Ref. 11. These will be discussed below. We would like
to emphasize from the outset, however, that the goals of laser control
and also the systems in Ref. 11 and in the present work are entirely
different. Ref. 11 aims at laser control of the populations of two com-
peting excited states mediated by charge migration during nuclear
motions close to a conical intersection, in a generic 2D model. In
contrast, this work aims at the timing of the recoherences of charge
migration, in a fairly realistic model which is tailored to the experi-
mental scenario of Refs. 9, 23, and 24, without any effects of conical
intersections.

The model and the methods for the laser driven HCCI+ are pre-
sented in Sec. II. The concept for laser control of the timing of the
recoherences of charge migration, the results, and the discussion are
in Sec. III. The conclusions are in Sec. IV.

II. MODEL AND METHODS
The present model for laser control of the timing of the recoher-

ences of charge migration in HCCI+ is adapted from the experimen-
tal scenario of Refs. 9, 23, and 24, with some modifications. On the
experimental side, the scenario is highly demanding, but fortunately,
this allows rather simple quantum dynamics simulations.19 Below,
we present a step-by-step derivation of the model, with detailed ref-
erences to the experimental scenario and explanations of the modi-
fications. For example, we shall assume that the linear cation HCCI+

is oriented parallel to the laboratory z-axis, as in Refs. 9, 23, and
24. An important modification is that just for convenience, our
quantum dynamics simulations start from the ground state of the
cation HCCI+, whereas the experiment starts from the ground state
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of the HCCI molecule. It has been shown previously that both
approaches can induce equivalent charge migrations in HCCI+, at
least in a fixed nuclei approximation.47

Before specifying the details, let us remind that there are many
theoretical approaches to various phenomena of charge migration
in molecules.1–24,27–43 Here, we adapt the approach which has been
pioneered already in the 1944 textbook of Quantum Chemistry by
Eyring, Walter, and Kimball,1 and which has been developed fur-
ther in many of the publications quoted above; see also Refs. 48
and 49. Accordingly, laser driven charge migration in the molec-
ular system (molecule or molecular cation) is described in terms
of a time-dependent wave function which depends on the sets
of electronic and nuclear coordinates q = {r1σ1, r2σ2, . . .} and R
= {R1, R2, . . .}, and on time t. More specifically, q includes electronic
spatial and spin variables, whereas R is restricted to nuclear spatial
variables, neglecting effects of nuclear spins. The z-components of
the coordinates are along the nuclear symmetry axis, parallel to the
laboratory z-axis. Using the convenient Dirac notation, this wave
function Ψ(q, R, t) ≡ ⟨q|Ψ(R, t)⟩ is written as the superposition of
wave functions Ψk(q, R, t) ≡ ⟨q|Ψk(R, t)⟩, which are assigned to elec-
tronic states labeled by electronic quantum numbers k. In the frame
of the Born-Huang expansion,50,51 the Ψk(q, R, t) are products of
time-independent electronic eigenfunctions Ψel,k(q; R) ≡ ⟨q|k(R)⟩
and time-dependent nuclear wave functions χk(R, t) ≡ ⟨R|χk(t)⟩;
thus,

∣Ψ(R, t)⟩ = ∑
k

χk(R, t)∣k(R)⟩. (1)

For convenience, we shall use the notation k ≡ g for the ground
electronic state and k ≡ e for the excited state(s). The experimen-
tal scenario restricts the sum (1) to just two states, ∑k ≡ ∑k=g ,e—
of course, this implies an enormous simplification compared to
multistate scenarios.

The eigenfunctions Ψel,k(q; R) are normalized solutions of the
electronic Schrödinger equation,

Hel(R)∣k(R)⟩ = Vk(R)∣k(R)⟩. (2)

Here, Hel(R) is the electronic Hamilton operator which accounts for
the kinetic energy of the electrons and for their Coulomb interac-
tions among themselves and also with the nuclei [hence, the para-
metric dependence (; R)]. The electronic eigenenergies Vk(R) serve
as potential energy surfaces for the nuclear motions represented by
the χk(R, t).

The total Hamiltonian H of the laser driven molecular system
can be written as a sum of the molecular Hamiltonian Hm plus the
Hamiltonian Hint, which describes the interaction of the laser with
the molecular system,

H = Hm + Hint. (3)

In the experimental scenario of Refs. 9, 23, and 24, transitions
between the Vk(R) mediated by nonadiabatic couplings are negli-
gible. The molecular Hamilton can, therefore, be written as a sum of
the contributions for the individual electronic states,

Hm =∑
k
[T(R) + Vk(R)]∣k(R)⟩⟨k(R)∣, (4)

where T(R) accounts for the nuclear kinetic energy. The Hamilton
operator for the laser-molecule interaction is, in semiclassical dipole
interaction,

Hint =∑
k,k′

Vkk′(R, t)∣k(R)⟩⟨k′(R)∣ (5)

with coupling matrix elements

Vkk′(R, t) = −μkk′(R) ⋅ ε(t). (6)

These are written here in terms of the electric field ε(t) times dipole
matrix elements μkk′ (R) = ⟨k(R)|μ(R)|k′(R)⟩ with a dipole operator
μ(R) = −e∑iri + e∑iZiRi, where Zie is the nuclear charge of atom i.
As in Refs. 9, 23, and 24, the present laser pulses are linearly (here, z-)
polarized. The scalar product (6) is thus reduced to the product of
the corresponding z-components of the electric field and the dipole
matrix elements,

Vkk′(R, t) = −μkk′(R)ε(t). (7)

To simplify the notation, Eq. (7) is written without explicit subscripts
for the z-components.

In the present applications, the electric field consists of con-
tributions from two laser pulses, the pump (p) and dump (d)
pulses,

ε(t) = εp(t) + εd(t). (8)

For convenience, the first and second pulses are centered at time
tp = 0 and at delay time td, respectively. Both pulses (j = p and d)
have Gaussian shapes,

sj(t) = e−(t−tj)
2
/τ2

j , (9)

with parameters τj for the durations. Additional parameters are the
carrier frequencies ωj, the field strengths εj, and in principle also the
carrier envelope phases, but these are set equal to zero here, ηj = 0.
Thus,

εj(t) = εjsj(t) sin[ωj(t − tj)]. (10)

The corresponding maximum intensities of the pulses are close to
Ij,max = ϵ0c0ε2

j , where ϵ0 is the permittivity of the vacuum and c0 is
the velocity of light in vacuum.

For the discussions of the results, we shall also investigate the
effects of the individual pulses εp(t) or εd(t). For this purpose, we set
the field strength of the other pulse equal to zero. The time evolution
of the nuclear wave functions is obtained as solutions of the time
dependent Schrödinger equation,

ih̵
d
dt
∣Ψ(R, t)⟩ = H∣Ψ(R, t)⟩, (11)

where h̵ = h/2π is Planck’s reduced constant. Equation (11) is solved
with proper initial conditions at time t0. Usually t0 is chosen well
ahead of the center of the first laser pulse such that its effect is still
negligible, typically t0 < − 3τp. Usually, we set

χg(R, t0) = χg0(R) and χe(R, t0) = 0, (12)
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where χg0(R) is the normalized wave function of the vibrational
ground state. Different initial states will be discussed in Sec. III.

The solution of the time dependent Schrödinger Eq. (11) yields
various quantities of interest. First, the nuclear densities in the
electronic state k = g, e are given by

ρnu,k(R, t) = ∣χk(R, t)∣2. (13)

Second, the populations of electronic states k = g, e are evaluated as

Pk(t) = ∫ dRρnu,k(R, t), (14)

where ∫dR denotes integration over all the nuclear degrees of free-
dom, including also the proper Jacobean if necessary (depending on
the model). The occupation probabilities are normalized,

∑
k
Pk(t) = 1. (15)

Third, the overlaps of the nuclear wave functions are

⟨χk(t)∣χk′(t)⟩ = ∫ dRχ∗k (R, t)χk′(R, t). (16)

Fourth, the mean values ⟨R(t)j⟩k of the nuclear coordinates Rj, j = 1,
2, . . . in the electronic state k at time t are given by

⟨Rj(t)⟩k = ∫ dRχ∗k (R, t)Rjχk(R, t)/Pk(t). (17)

The set ⟨R(t)⟩k = {⟨R1(t)⟩k, ⟨R2(t)⟩k, . . .} of all mean values
⟨Rj(t)⟩k specifies the mean nuclear geometry in the electronic state
k at time t.

Fifth, the electron density at position r = (x, y, z) with respect
to the nuclear center of mass is obtained as

ρel(r, t) =∑
k,k′
∫ dRχ∗k (R, t)χk′(R, t)ρkk′(r;R) (18)

with electron density matrix elements

ρkk′(r;R) = ⟨k(R)∣∑
i
δ(r − ri)∣k′(R)⟩

= Ne ∫ dq′Ψ∗el,k(q;R)Ψel,k′(q;R). (19)

Here, ∫dq′ denotes summation over all electronic spins and integra-
tion over all electronic coordinates but one (the “first” one).

The subsequent quantum dynamics simulations are carried out
using Eq. (18). Before proceeding with the rigorous derivation (see
below, “sixth” . . .), let us consider an approximation which lends
itself to illuminating discussions of the results. The original ver-
sion has been pioneered by de Vivie-Riedle and co-workers.11 Here,
we present a modified version; for rigorous derivations in terms of
vibronic states, see Ref. 19. The approximation assumes that the
nuclear wave packet remains rather compact and the parametric

dependence of the electronic wave function on the nuclear coor-
dinates is rather modest. Equation (18) can then be approximated
as

ρel(r, t) ≈ Ne∑
k,k′
∫ dRχ∗k (R, t)χk′(R, t)

× ∫ dq′Ψ∗el,k(q; ⟨R(t)⟩k)Ψel,k′(q; ⟨R(t)⟩k′)

= Ne∑
k
Pk(t)ρkk(r; ⟨R(t)⟩k) + Ne ∑

k≠k′
⟨χk(t)∣χk′(t)⟩

× ∫ dq′Ψ∗el,k(q; ⟨R(t)⟩k)Ψel,k′(q; ⟨R(t)⟩k′). (20)

Furthermore, one may invoke a time dependent type of interaction
picture such that11

χk(R, t) ≡ χ̃k(R, t)e−iVk(⟨R(t)⟩k)t/̵h (21)

with the phase factor e−iVk(⟨R(t)⟩k)t/̵h. The approximation to the elec-
tron density is then rewritten in a manner which allows illuminating
discussions of the results (see also Refs. 11 and 19),

ρel(r, t) ≈ Ne∑
k
Pk(t)ρkk(r; ⟨R(t)⟩k)

+Ne ∑
k≠k′
⟨χ̃k(t)∣χ̃k′(t)⟩e−iΔEkk′ (t)t/

̵h

× ∫ dq′Ψ∗el,k(q; ⟨R(t)⟩k)Ψel,k′(q; ⟨R(t)⟩k′) (22)

with an energy gap

ΔEkk′(t) = Vk(⟨R(t)⟩k) − Vk′(⟨R(t)⟩k′). (23)

Accordingly, the electron density of the vibrating molecular system
consists of two contributions. The first one is the sum of the electron
densities in electronic states k, weighted by the occupation probabil-
ity Pk(t). Its time evolution varies according to the nuclear motions
⟨R(t)⟩k in electronic states k. The second term is due to the quan-
tum dynamics in different interfering states k ≠ k′. This is the term
which gives rise to charge migration. Equation (22) shows that the
effect depends on three necessary conditions which correspond to
the three factors in the interference term:11 (i) Good spatial over-
lap ⟨χk(t)|χk′ (t)⟩ of the nuclear wave functions in electronic states k
and k′. This implies that the mean nuclear configurations ⟨R(t)⟩k
and ⟨R(t)⟩k′ in electronic states k and k′ should be close to each
other. As a consequence, the energy gap (23) may be calculated
at the mean nuclear configuration ⟨R(t)⟩ = 0.5(⟨R(t)⟩k + ⟨R(t)⟩k′ )
≈ ⟨R(t)⟩k ≈ ⟨R(t)⟩k′ . (ii) Large electronic energy gap ΔEkk′ (t). The
larger the energy gap, the smaller the related period of charge
migration,

Tkk′(t) = h/ΔEkk′(t). (24)

For typical values of several electron volts for the energy gap, the
period is in the time domain from few hundred attoseconds to few
femtoseconds. This is much shorter than the vibrational periods of
nuclear motions ⟨R(t)⟩k and ⟨R(t)⟩k′ , which take few tens to few
hundreds of femtoseconds. (iii) Good overlap of the electronic wave
functions Ψel,k(q; ⟨R(t)⟩k) and Ψel,k′ (q; ⟨R(t)⟩k′ ).
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Any violation of the three conditions (i)–(iii) will cause deco-
herence of charge migration. In the present application, we shall see
that decoherence is caused by violating condition (i). Turning the
table, any reconstruction of the conditions (i)–(iii) (after previous
violations) will cause the recoherence of charge migration. Our con-
cept for laser control of the timing of these recoherences (see Sec. III)
aims at restoring condition (i) at the proper time, after it has been
violated previously.

After this discussion of the conditions for charge migration
based on the approximation (22), we now return to the rigorous
derivation.

Sixth, integration of the exact three-dimensional (3D) electron
density ρ1e(r, t) [Eq. (18)] over the coordinates perpendicular to the
molecular axis yields the (1D) axial one-electron density,

ρ1D
el (z, t) = ∫ dxdyρel(r, t). (25)

Apparently, we have ∫dzρ1D
el (z, t) = Ne. In the applications below,

Ne is restricted to the number of valence electrons, because the core
electrons travel with the nuclei52 and do not contribute to charge
migration.19

Seventh, we apply the 1D continuity equation in order to
determine the 1D axial electron flux,19,52

F(z, t) = −∫
z

z0

dz′
∂ρ1D

el (z′, t)
∂t

. (26)

The lower boundary z0 of the integration is chosen at the boundary
between negligible (z < z0) and significant (z > z0) contributions of
the integrand.

The time derivative in expression (26) makes the axial flux
F(z, t) much more (typically 100 times more) sensitive to charge
migration compared to the 1D or 3D electron densities.19 This is
so because the typical number of electrons which participate in the
migration is rather small (≈1) compared to the total number of elec-
trons Ne.9,19,23,24 Hence, the one-electron densities are quite robust
with respect to charge migration, with dominant variations which
depend on the nuclear motions, as discussed above for the time
dependent nuclear configurations ⟨R(t)⟩k, typically on the time scale
of the molecular vibrations, say from tens to hundreds of femtosec-
onds. The resulting contribution to the time derivative of these vari-
ations is negligible compared to the contribution due to rapid phase
factor e−iΔEkk′ (t)t/

̵h in Eq. (22), which accounts for the ultrafast speed
of charge migration on the time scale from few hundred attoseconds
to few femtoseconds. Hence, we employ the axial flux (26) as our key
indicator of charge migration.19 For the present scenario deduced
from experiment,9,23,24 it is a “clean” indicator, because it is not
contaminated by competing effects which could also cause strong
electronic fluxes, for example, by rapid changes of the electronic
structure due to transitions mediated by nonadiabatic couplings,53

or by passages via transition states.54,55

Until now, we have exploited the experimental scenario of
Refs. 9, 23, and 24 in order to derive a rather simple generic
model; this includes the orientation of the molecular system
along the laboratory z-axis, the restriction of the total wave func-
tion to a superposition of just two wave functions which are
assigned to two electronic states—here, these are the electronic

ground state g = X̃+ 2Π and the first excited state e = Ã+ 2Π—and
the fact that any nonadiabatic coupling terms are negligible. We
now restrict the model one step further by exploiting the fact that
effects of bending vibrations are negligible. This property of HCCI+

is already inherent in its emission spectrum25 and the related pho-
toelectron spectrum of HCCI.26 These show clear vibrational pro-
gressions with respect to the CI-stretch and also a weak signature of
the CC-stretch, but no effects of the bends whatsoever. The in-depth
reconstruction of the initial state of charge migration in Refs. 9, 23,
and 24 also did not show any signatures of the bends. In fact, the
corresponding potential energy curves for the two electronic states
along the bending degrees of freedom are almost perfect parabolas
which sit on the top of each other with the minima at the linear
geometry of the cation (zero bends), and with practically the same
force constants.19 The results of a 7D model in Ref. 19 also did not
show any effects of the bends. Taking all the evidences altogether, we
arrive at a 3D model for laser driven charge migration in HCCI+ with
the nuclear degrees of freedom restricted to just the three stretches
between the nuclei in the linear configuration,

R1 = RCH, R2 = RCC, R3 = RCI. (27)

Thus, R = {R1ez1 , R2ez2 , R3ez3}. The kinetic energy operator for
these coordinates takes the form

T(R) = − h̵2

2mCH

∂2

∂R2
1
− h̵2

2mCC

∂2

∂R2
2
− h̵2

2mCI

∂2

∂R2
3

+
h̵2

mC

∂2

∂R1∂R2
+

h̵2

mC

∂2

∂R2∂R3
(28)

with reduced masses

mCH =
mCmH

mC + mH
, mCC =

mC

2
, mCI =

mImC

mI + mC
. (29)

The 3D potential energy surfaces Vk(R) and k = g, e are obtained
by direct scans on 3D grids covering the domains R1 ∈ [0.84, 1.56],
R2 ∈ [1.04, 1.54], and R3 ∈ [1.5, 2.7] Å with steps of 0.06, 0.05, and
0.06 Å. The methods of quantum chemistry for solving the underly-
ing electronic Schrödinger Eq. (2) are adapted from Ref. 19. Effects
of spin-orbit coupling are neglected here, as in Refs. 9, 19, 23, and
24, because vibrationally mediated intersystem crossings are notori-
ously much slower than the present processes.56 This approximation
is also supported by the close similarity of the emission and pho-
toelectron spectra for the two fine structure components Ω = 1/2
and 3/2 of HCCI+.25,26 The single electron matrix elements and the
transition dipole matrix elements are also calculated on the same
3D grid. The laser driven wave packet dynamics is propagated by
means of the split operator method.57 For didactic purposes, we also
employ a 1D model with just a single nuclear coordinate, R3 = RCI;
thus, R = R3ez . The corresponding expression for the nuclear kinetic
energy is

T(R3) = −
h̵2

2mI,CCH

∂2

∂R2
3

(30)

with reduced mass

mI,CCH =
mI(mC + mC + mH)
mI + mC + mC + mH

. (31)
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This model has four motivations: First, the rather good agreement
of the results for the 1D model and a 7D model in Ref. 19 suggests
that the 1D model already displays the essential mechanism. Second,
this is also supported by the emission and photoelectron spectra in
Refs. 25 and 26 which show the dominant vibrational progression
of the CI stretch. Third, it is much easier to explain the mechanism
using the 1D model, compared to the 3D model. Forth, the 1D model
is formally equivalent to the model of laser driven charge migration
in a diatomic molecule. This should enable instructive comparisons
with different types of laser control in previous investigations of
charge migration in diatomic molecules.11,16,20–22 For this reason,
Sec. III starts with the results for the 1D model, and the results for
the 3D model will be added at the end. Good agreement should then
confirm the mechanism deduced for the 1D results also for the 3D
ones.

III. CONCEPT, RESULTS, AND DISCUSSIONS
The concept for quantum control of the timing of the reco-

herences of charge migration in the oriented HCCI+ by means of
pump-dump laser pulses is illustrated in Fig. 1. The figure and its
explanation is for the didactic 1D model which describes the laser
driven quantum dynamics along the CI bond length RCI. We shall
first introduce the general mechanism, together with some impor-
tant properties of HCCI+, in particular the potential energy surfaces
of its electronic ground and excited states (adapted from Ref. 19)
and the related choice of the carrier frequencies and the delay time
of the laser pulses; further details such as the optimization of the
other laser parameters will follow later on. The approach will be pre-
sented in two steps: First, we explain the effect of a single laser pulse,
the pump pulse. This generates the quasiperiodic recoherences of
charge migration with recoherence time Tr,19 which serves as a ref-
erence. Subsequently, we explain how to design the second “dump”
laser pulse in order to launch an additional recoherence at a new
recoherence time Tc ≠ Tr, 2Tr, . . .; the subscript “c” reminds of laser
control of the timing of the new recoherences.

The process starts with the oriented HCCI+ in its vibronic
(vibrational and electronic) ground state. Figure 1 shows a sketch
of the density of the corresponding nuclear wave function χg(RCI,
t = t0) = χg0(RCI) centered at the minimum Rg ,min of the potential
Vg of the ground state g = X̃+ 2Π. Next, the pump laser pulse is fired
with its maximum intensity at t = 0; its frequency ωp is tailored to
resonance,

h̵ωp ≈ Ve(Rg,min) − Vg(Rg,min). (32)

It transfers part of the population from the ground state to the first
excited electronic state, e = Ã+ 2Π. In the zero order approximation,
this excitation corresponds to a “vertical” Franck-Condon (FC) type
transition, indicated by the vertical arrow labeled “ωp” in Fig. 1. As
a consequence, the system is prepared in a coherent superposition
of two partial waves assigned to the electronic ground and excited
states [cf. Eq. (1)]. As explained in Sec. II, this launches charge
migration in HCCI+, as in Refs. 9, 19, 23, 24, and 47. According to
Eq. (24), the period of charge migration is

Tge(t ≈ 0) = h/ΔEge(t ≈ 0) ≈ h/(Ve(Rg,min) − Vg(Rg,min)). (33)

FIG. 1. Schematic illustration of pump-dump quantum control of the timing of reco-
herences of the charge migration in oriented HCCI+. The inset shows its global
minimum structure, with the nuclear center of mass as the origin for the elec-
tronic coordinate z. The vertical blue and red arrows indicate electronic transitions
induced by the pump and dump laser pulses with resonant carrier frequencies ωp

and ωd, respectively. Each laser pulse generates a coherent superposition of two
partial waves assigned to the electronic ground state g = X̃+ 2Π and to the excited
state e = Ã+ 2Π. Their original locations are indicated by corresponding idealized
pairs of bell-shaped blue and red nuclear densities which sit on the top of each
other, embedded in the potential energy curves Vg (blue) and Ve (red), respec-
tively. The curved arrows labeled a, b and c, d symbolize subsequent vibrations
of the related nuclear partial waves in Ve and Vg, with periods Te ,vib and Tg ,vib,
respectively. The vibrations let the overlaps of the pairs of nuclear partial waves
decrease to zero, and this enforces decoherence of charge migration. Whenever
the pairs of partial waves meet again at their original locations, the related revival
of their overlap causes recoherence. The quasiperiodic recoherences generated
by the pump pulse serve as a reference, with recoherence time T r ≈ Te ,vib. The
dump pulse allows control of the timing of additional recoherences with different
recoherence times Tc ≠ T r.

The charge migration lasts as long as the nuclear wave packets
χg(RCI, t) and χe(RCI, t) in the electronic ground and excited states
overlap. Their overlap decays rapidly to zero, however, because on
one hand, the partial wave χg(RCI, t) remains trapped at the mini-
mum of Vg , whereas on the other hand, χe(RCI, t) runs away from its
initial position toward larger values of RCI, because it is generated at
the repulsive slope of the excited state potential Ve. The rapid decay
of the overlap enforces rapid decoherence of charge migration [see
Sec. II, violation of condition (i)]. Subsequently, χe(RCI, t) oscillates
between two locations at short and long bond lengths RCI, which
are depicted by idealized snapshots of the nuclear density in Fig. 1.
These locations are centered at the initial “inner” and the subsequent
“outer” turning points Rei = Rg ,min and Reo, with the same values of
the potential energy,

Ve(Reo) = Ve(Rei). (34)

The time evolution of the nuclear wave packet χe(RCI, t) vibrat-
ing in Ve is symbolized by the curved arrows labeled “a” and “b”
in Fig. 1. The vibration is quasiperiodic, with vibrational period
Te ,vib. After one, two, etc., periods Te ,vib, the nuclear wave packet
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χe(RCI, t) in the excited electronic state returns back to its original
position near to Rei. This causes partial revivals of the overlap with
χg(RCI, t). These revivals are supported not only by the correspond-
ing overlap of the nuclear densities in the coordinate (RCI) space,
as illustrated in Fig. 1, but also in the momentum space close to
Rg ,min = Rei, which means at the minimum of Vg and at the inner
turning point of Ve, both nuclear wave packets are at rest, with
nearly zero mean values of momentum. The revivals of the over-
lap mean restorations of the condition (i), implying recoherences of
charge migration as explained in Sec. II. The quasiperiodic vibra-
tions of χe(RCI, t) in Ve with period Te ,vib imply quasiperiodic rep-
etitions of the recoherence phenomenon. The “reference” period of
the recoherences which are launched by a single (pump) laser pulse
is approximately equal to the vibrational period, Tr ≈ Te ,vib. The
recoherences are not perfectly periodic, however, due to competing
effects, e.g., dispersion of χe(RCI, t).

The challenge is now to design the pump laser pulse such that
at the end, it causes an additional recoherence in HCCI+ with differ-
ent recoherence times Tc ≠ Tr. As a proof-of-principle, we apply the
dump pulse as illustrated in Fig. 1. The delay time td is chosen such
that the dump pulse obtains its maximum intensity when the nuclear
partial wave χe(RCI, t) arrives with its center ⟨RCI(td)⟩ close to the
outer turning point Reo. This time delay is about half the vibrational
period, td ≈ Te ,vib/2. The frequency ωd of the dump pulse is tuned to
the resonance condition

h̵ωd ≈ Ve(Reo) − Vg(Reo). (35)

The dump pulse thus transfers part of the population from the
excited state e back to the ground state g. As a consequence, it mod-
ifies the previous superposition state such that the corresponding
nuclear wave functions form a new pair of partial waves which over-
lap with their centers close to the outer turning point Reo of Ve.
We shall see in a minute that Rgo = Reo plays also the role of an
outer turning point Rgo of Vg . Again, the overlap of the wave func-
tions is supported not only by the corresponding overlap of the
nuclear densities in the coordinate (RCI) space, as is illustrated in
Fig. 1, but also in the momentum space, with an approximately zero
mean momentum at the turning points Rgo = Reo. This new over-
lap with its temporal center at td enforces recoherence of the charge
migration at

Tc ≈ td ≈ Te,vib/2 ≈ Tr/2. (36)

This new recoherence time is clearly different from the reference
recoherence time Tr. According to Eq. (36), the corresponding
period of charge migration,

Tge(t ≈ Tc) = h/ΔEge(t ≈ Tc) ≈ h/(Ve(Reo) − Vg(Reo)), (37)

is longer than the reference period Tge(t = 0) because the potential
energy gap at Reo is smaller than that at Rei. The different periods of
charge migrations will serve as characteristic signatures of the refer-
ence recoherences and those achieved by laser control. As a resume,
the well-designed dump pulse achieves our goal: laser control of the
timing (here, at Tc ≈ Tr/2 ≠ Tr) of a new recoherence of charge
migration.

Subsequently, the pair of partial waves vibrates quasiperiod-
ically between the locations close to the outer turning points Reo
= Rgo, where they have been generated by the pump pulse, and close
to inner turning points Rei and Rgi of the potential energy surface
Ve and Vg , as symbolized by the curved arrows labeled b,a and c,d,
respectively, together with the idealized snapshots of the nuclear
densities at the turning points. The vibrational periods are Te ,vib
and Tg ,vib, respectively. The values of Vg at the turning points are
equal,

Vg(Rgi) = Vg(Rgo), (38)

analogous to Eq. (34). These vibrations let the overlaps of the
partial waves decay rapidly to zero, causing decoherence of the
new recoherences. But after several numbers ne and ng periods of
quasiperiodic vibrations such that

Te,vib ≈ Tg,vib, (39)

with integer numbers ne and ng the partial waves meet again at
Reo = Rgo. This supports new revivals of the overlap and, therefore,
additional new recoherences of charge migration at

T′c ≈ Tc + neTe,vib ≈ Tc + ngTg,vib ≈ (ne + 0.5)Tr. (40)

This prediction is for rather prominent new recoherences which
should appear close to the temporal center between the reference
recoherences at times neTr and (ne + 1)Tr. Less pronounced addi-
tional recoherences at different times T′′c are also possible, for exam-
ple, in the case of rather small but non-negligible overlaps of the
front of one of the partial waves created by the dump pulse, with
the tail of the other, due to wave packet dispersion.

In any case, the new additional recoherences at T′c or T′′c appear
as a “gift” of the probe pulse, in addition to the generation of the new
recoherence at Tc.

After this introduction to the concept for quantum control of
the timing of additional recoherences of charge migration in HCCI+

by means of pump-dump laser pulses with carrier frequencies ωp,
ωd and time delay td, we now address the challenge of optimizing
the other laser parameters. Our original intention has been to gen-
erate charge migration in HCCI+ exclusively at the new additional
recoherence times Tc, T′c, and T′′c , without any contamination by the
reference recoherences at timesTr, 2Tr, . . .For this purpose, it would
have been necessary to design the pump pulse such that it achieves
100% population transfer from the ground to the excited state. In
the present case of HCCI+, this task turned out to be impossible,
however, for the following antagonistic reasons: Complete popula-
tion transfer calls for either rather strong field strength or for long
duration, or both. For the present application, the parameter τp for
the duration of the pump pulse must be short enough to satisfy
two conditions: First, it must be significantly shorter than Te ,vib/2
because otherwise it would interfere with the dump pulse so that
one could not discriminate its effects as discussed above. Second—
this is even more demanding—one can interpret the effects of the
individual cycles of the pump pulse such that each of them trans-
fers a small part of the wave function vertically from the ground to
the excited state.19 After arrival, it starts immediately to run toward
larger values of RCI, driven by the repulsive slope of the excited
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state potential Ve. The sequential (i.e., cycle by cycle) pumping and
driving thus tends to broaden the partial wave in the excited state.
For the present application, it is important, however, that it remains
rather compact because otherwise the dump pulse could not achieve
sufficient population transfer. On one hand, the parameter τp should
thus be as short as possible. But on the other hand, it must not be
too short because of two other reasons: First, it would call for exces-
sively high field strength which could induce competing processes,
e.g., ionization. Second, the spectral width of the pump pulse would
increase such that it enables excessive competing transitions from
the excited state back to excited vibrational states in the electronic
ground state, reminding of dispersive Rabi-cycling. As a compro-
mise, we have optimized the pump laser pulse such that on one hand,
the parameter τp is as short as possible but as long as necessary,
and likewise, the field strength εp is as high as possible, but below
the onset of dispersive Rabi cycling. Thus, we arrive at the set of
optimal parameters of the pump pulse, ωp = 2.42 eV/h̵, τp = 15 fs,
and εp = 2.33 GV/m. The corresponding maximum intensity is
Ipmax = 1.45 TW/cm2, well below the ionization threshold.9,23,24 The
“prize” for this compromise is that the pump pulse achieves only
0.8 population transfer from the ground to the excited state. The
optimal pump laser pulse is illustrated in Fig. 2(a), together with the
resulting time evolution of the populations of the electronic ground
and excited states. We use the opportunity to suggest a hypothe-
sis in passing. It is based on our experience with optimizing the
present pump laser pulse. Namely, for real polyatomic systems with
many vibronic states (beyond idealized two-state systems), it may in
general be difficult to design laser pulses which achieve 100% popu-
lation transfer. The criteria for achieving the ideal goal need further
investigations.

The optimization of the remaining parameters of the optimal
dump pulse is much easier than that for the pump pulse. We adapt
the parameter for the duration τd = τp, and the field strength εd
is chosen such that the dump pulse transfers 50% of the popula-
tion from the excited state back to the ground state. As a conse-
quence, the dump pulse prepares the pair of partial waves centered at

Reo = Rgo with equal weights (=0.4 in the present case, illustrated
schematically in Fig. 1). The criterion of equal weights guarantees the
most efficient charge migration.58 The resulting set of laser param-
eters for the dump pulse is td = 52 fs, ωd = 1.16 eV/h̵, τd = 15 fs,
and εd = 1.52 GV/m. The corresponding maximum intensity is Idmax
= 0.61 TW/cm2, again well below the ionization threshold.9,23,24

The isolated optimal linearly (z) polarized dump laser pulse is illus-
trated in Fig. 2(a), together with its effect on the populations of the
partial waves in the electronic ground and excited states, at the outer
turning points Rgo = Reo, as illustrated schematically in Fig. 1. For
exclusive analysis of the effect of the dump pulse, the other par-
tial wave in the electronic ground state which remained trapped at
the minimum of Vg is artificially set equal to zero; hence, Pg(td/2)
= 0 at the vertical dashed line in Fig. 2(c). The combined optimal
pump and dump pulses are shown in Fig. 2(b), together with the
resulting population dynamics which is recognized readily as the
sum of the effects of the individual pulses illustrated in Figs. 2(a)
and 2(c).

All the subsequent results shown in Figs. 3–6 are presented with
three panels that apply to the same scenarios as in Figs. 2(a)–2(c),
i.e., panel (a) is always for the effects of the pump pulse, panel (b) is
for pump-dump quantum control, and panel (c) is for the exclusive
effect of the dump pulse. The three cases are also symbolized by the
cartoons in the top row of Fig. 3. These are adapted from Fig. 1, but
without copying the notations. Specifically, the cartoon in Fig. 3(a)
displays the curved arrows a, b for the effect of the pump pulse,
the cartoon in Fig. 3(b) has all arrows a, b, c, d, and the cartoon in
Fig. 3(c) has the arrows c, d for the exclusive effect of the dump pulse.
In brief, panel (a) always serves as the reference, panel (b) has the key
results for pump-probe control, and panel (c) serves for analysis. For
Fig. 3, we also keep the color codes which have already been used in
Figs. 1 and 2, i.e., blue and red are for the results in the electronic
ground and excited states.

The laser driven time evolutions of the nuclear partial waves in
the ground and excited states are illustrated by color-coded contours
of the corresponding nuclear densities in Fig. 3. For reference, panel

FIG. 2. Time evolutions of the field
strength ε of the combined optimal lin-
early (z) polarized pump and probe laser
pulses for quantum control of the tim-
ing of recoherences of charge migration
in oriented HCCI+ (with scaling on the
right ordinate), and the resulting popu-
lations of the ground state (blue lines)
and the excited state (red lines, with scal-
ing on the left ordinate). The continuous
and dashed lines are, respectively, for
the populations of the didactic 1D model
for the CI stretch and for the realistic 3D
model with all CH, CC, and CI stretches
of HCCI+, using the same laser pulses.
(a) The reference case with the exclu-
sive effect of the pump pulse. (b) Effects
of the combined optimal pump and dump
pulses. (c) For comparison and analysis,
the exclusive effect of the dump pulse.
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FIG. 3. Color coded contours of the
time evolutions of the nuclear densi-
ties in the electronic ground state (blue)
and excited state (red) of laser driven
HCCI+. (a) Effects of the pump pulse
shown in Fig. 2(a), illustrated by the car-
toon which is adapted from Fig. 1. Spa-
tial/temporal domains with good over-
laps of the nuclear wave functions in the
ground and excited states are marked
by dashed rectangles labeled 0–4. (b)
Effects of the pump-dump laser pulses
shown in Fig. 2(b), illustrated by the
cartoon in the top row. Spatial/temporal
domains with good overlaps are marked
by rectangles with labels adapted from
panels 3(a) and 3(c). (c) Effects of the
dump pulse shown in Fig. 2(c), illus-
trated by the cartoon in the top row. Spa-
tial/temporal domains with good overlaps
are marked by rectangles with labels
A–E.

3(a) shows the effects of the pump laser pulse. They confirm the gen-
eral mechanism which has been anticipated at the beginning of this
section, and which was quantified in Fig. 2(a). The pump pulse yields
80% population transfer from the ground to the excited state. Sub-
sequently, the partial wave packet which remains in the ground state
is trapped close to the potential minimum of Vg . The partial wave
packet in the excited states vibrates between two different locations
close to the inner and outer turning points of Ve. The vibration is
quasiperiodic, with period Te ,vib = 86 fs. The two wave functions
overlap if and only if the wave packet in the excited state returns to
the inner turning point, where it was generated by the pump pulse.
The spatial/temporal domains with good overlaps are marked by
dashed rectangles labeled 0–4.

Figure 3(b) shows the corresponding effects of the pump-dump
laser pulses. Again, they confirm the anticipated mechanism. After
the pump pulse, the dump pulse transfers half of the population
from the excited state back to the ground state. The resulting two
partial waves vibrate quasiperiodically in Ve and Vg , with different

vibrational periods Te ,vib = 86 fs and Tg ,vib = 67 fs. The spa-
tial/temporal domains with good overlaps of the wave functions in
Ve and Vg can be assigned to different effects of the pump and dump
laser pulses. These are marked by dashed rectangles marked 0–4,
as for the reference in panel 3(a), and by rectangles labeled A–E,
as for the new effects of the dump pulse shown in panel 3(c). On
the first glance, panel 3(c) might suggest that the dump pulse causes
several additional spatial/temporal domains of the wave packet over-
lap, namely, whenever the nuclear densities in the ground and
excited states cross each other. Close inspection shows, however,
that they cross with entirely different mean values of the momenta—
this prohibits good overlap of the wave functions. As a resume, the
rectangles A–E mark the only spatial/temporal domains with good
overlaps of the wave functions.

Figure 4 allows a more quantitative analysis of the time evolu-
tion of the overlaps of the nuclear wave functions in the ground and
excited states, with the peaks 0–4 and A–E, which could already be
deduced by inspection of the marked spatial/temporal rectangles in
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FIG. 4. Time evolutions of the abso-
lute squares of the overlaps of the
laser driven nuclear partial waves in the
ground and excited electronic states of
the oriented HCCI+. The results in pan-
els (a), (b), and (c) quantify the effects
of the pump pulse, of the pump-dump
pulses, and of the dump pulse, which are
illustrated in Figs. 3(a)–3(c), respectively.
The peaks in Fig. 4 correspond to the
rectangles in Fig. 3, with the same labels
0–4 and A–E. Accordingly, pump-dump
quantum control yields new revivals of
the overlaps A–E which are absent in
the reference case of the single pump
laser pulse. The results documented by
the black curves are for the didactic one-
dimensional model which is restricted to
the CI-stretch of HCCI+. The 1D results
are confirmed by the green line in panel
4(b), which is for the 3D model with the
complete set of all stretches.

Fig. 3. Specifically, Figs. 4(a)–4(c) quantify the effects of the refer-
ence pump pulse, of the pump-dump pulses, and of the dump pulse,
which are illustrated in Figs. 3(a)–3(c), respectively. The compar-
ison of the results for two laser pulses [Fig. 4(b)] with the effects

of the individual ones [Figs. 4(a) and 4(c)] confirms the antici-
pated effect of the pump-dump quantum control; namely, it yields
additional new revivals A–E of the overlaps which cannot be gen-
erated by the single reference pump pulse. Most important for our

FIG. 5. Decoherence and recoherences of laser driven charge migration in HCCI+, illustrated by color-coded contour plots of the time evolutions of the laser driven axial
electronic fluxes F(z, t), Eq. (26). Blue and red contours indicate alternating electronic fluxes along the positive and negative z-axes, i.e., from the HCC moiety toward the
iodine and back, compare with the inset in Fig. 1. (a), (b), and (c) are, respectively, for the effects of the reference pump pulse, of the pump-dump pulses, and of the dump
pulse (same assignments as for the panels of Figs. 2–4). Charge migrations at time intervals labeled 0–4 and A–E correspond to analogous time intervals for revivals of the
overlaps of the nuclear wave functions shown in Fig. 4. In particular, the comparison of Figs. 5(b) and 5(c) with Fig. 5(a) reveals and documents pump-dump laser control
of the timing of the recoherence of charge migration at the time domain labeled A centered at Tc ≈ T r/2, half way between the initial charge migration (labeled “0”) and first
recoherence (labeled “1”) due to the single reference pump laser pulse. Various other “new” recoherences induced by pump-dump laser control are discussed in the text. The
results along the horizontal dashed lines at z = −1 are also shown in Fig. 6, together with a comparison of the present didactic 1D model of HCCI+ (which is restricted to the
CI stretch) and the 3D model for all HC, CC, and CI stretches.
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FIG. 6. Panels (a), (b), and (c) show the
same as Figs. 5(a)–5(c), respectively,
but with special focus on the laser driven
electronic fluxes at z = −1 Å, where
they achieve maximum absolute values.
Panel 6(b) also shows the comparison of
the results for the one-dimensional (1D)
model of HCCI+, which accounts for its
CI stretch (black line), and the 3D model
for all stretches CH, CC, and CI (green
line).

proof-of-principle is the new revival of the overlap labeled “A” which
is generated directly by the dump pulse at time Tc ≈ Tr/2, half way
between the reference revivals labeled 0 and 1 at times 0 and Tr. Even
more prominent is the new revival labeled “E” at T′c ≈ 4.5Tr, half way
between the reference revivals at 4Tr (peak labeled “4”) and 5Tr (not
shown). This confirms the prediction (40) applied to the case ne = 4
and ng = 5, namely,

T′c ≈ Tc + 4Te,vib ≈ Tc + 5Tg,vib ≈ (4 + 0.5)Tr. (41)

The other new additional revivals of the overlap labeled B, C, and D
at times T′′c ≈ 0.5Tc + Tg ,vib, 0.5Tc + 3Tg ,vib, and 0.5Tc + 4Tg ,vib are
much less pronounced consequences of wave packet dispersion, as
discussed above. By empirical extrapolation, one would also expect
another new revival atT′′c ≈ 0.5Tc + 2Tg ,vib, but this “missing revival”
is not (or hardly) evident in Fig. 4(c).

Incidentally, some of the reference revivals of the overlaps
nearly coincide with the new ones, in particular those labeled 1
and B, 3 and C, and also 4 and D. Figure 4(b) reveals oscillatory
temporal patterns close to the domains of these near-coincidences.
These point to interferences of the underlying two nuclear wave
functions, which are delocalized, with two peaks at the inner and
outer turning points of Vg and Ve. The interference phenomenon
is also visible close to the peak labeled “2,” and this may be taken
as an indirect hint to the existence of the revival which appears
to be “missing” in Fig. 4(c). It is an interesting phenomenon
which deserves further investigations, beyond the scope of this
work.

With the concept for pump-dump laser control of the timing
of the recoherence of charge migration in the oriented HCCI+ illus-
trated in Fig. 1 and with the results documented in Figs. 2–4, we are
now ready for the proof-of-principle. According to the theory which
has been derived in Sec. II for the present realistic, experimentally
motivated9,23,24 scenario, charge migration depends on three condi-
tions. In particular, the target recoherence of the pump-dump laser
control depends on efficient control of the revival of the overlap of
the associated nuclear wave functions, after its initial decay due to
the nuclear motions. The first revival of the nuclear overlap enforced
by laser control is the one centered at Tc ≈ Tr/2, between the initial
decoherence near t = 0 and its reference recoherence at Tr with-
out laser control; see the events labeled “A” between “0” and “1”

in Figs. 3 and 4. This suggests that the present pump-dump con-
trol should induce charge migration at a time interval centered at
Tc ≈ Tr/2, where it is absent without laser control. To provide the
proof-of-principle, we shall verify this prediction. For this purpose,
we show the laser driven axial electronic flux F(z, t), Eq. (26) in Fig. 5.
As discussed in Sec. II, this is an excellent indicator of charge migra-
tion. The comparison of the results shown in Figs. 5(b) and 5(a) for
the laser driven electronic fluxes yield the proof: the pump-dump
laser control achieves the timing of the new recoherence of charge
migration at Tc ≈ Tr/2 (event labeled “A”), between the initial deco-
herence (event “0”) and its first reference recoherence at Tr without
laser control (event “1”).

A systematic comparison of the laser driven electronic fluxes
without laser control [Fig. 5(a)] and with laser control [Fig. 5(b)],
supported by the results for the effects of the dump pulse [Fig. 5(c)],
confirms the expected one-to-one-correspondence of the events of
the recoherences of charge migration in HCCI+ and the underly-
ing revivals of the nuclear overlaps shown in Figs. 3 and 4, with
the same labels 0–4 for the cases without laser control [panel (a)]
and labels A–E with laser control [panel (b) with analysis of the
effect of the dump pulse in panel (c)]. A rewarding discriminator
of the different recoherences of charge migration labeled 0–4 vs
A–E is the associated period Tge(t) of charge migration. The refer-
ence charge migrations and those due to laser control are induced
at the inner and outer turning points Rei and Reo of Ve (cf. Fig. 1).
The corresponding energy gaps between Vg and Ve are large and
small, respectively. The resulting periods of charge migration are,
therefore, comparatively short and long, respectively (cf. Eqs. 33 and
37). This is confirmed in Fig. 5. The periods of the fluxes at the
time intervals labeled 0–4 are significantly shorter than those labeled
A–E.

Figure 6 shows the same results as Fig. 5, but with special
focus on the laser driven electronic fluxes F(z, t) at z = −1 Å,
where they achieve maximum absolute values. This presentation
allows a convenient confirmation of the results which have just been
analyzed shown in Fig. 5. In particular, it confirms the proof-of-
principle, namely, quantum control of the timing of the recoherence
of charge migration in HCCI by means of pump-dump laser pulses,
as illustrated in Fig. 1.

Figure 6 also allows an illuminating quantitative determination
of the maximum number of electrons which flow during the laser
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driven charge migration in HCCI+. Apparently, the maximum abso-
lute value of the electron flux is max, (F(z = −1 Å, t)) ≈ 0.5 fs−1, in
both directions. This value is obtained close to the maximum inten-
sity of the pump pulse which prepares the initial superposition state
close to Rg ,min. Charge migration in one direction at Rg ,min takes
0.5h/[Ve(Rg ,min) − Vg(Rg ,min)] ≈ 0.85 fs. The maximum number of
electrons which participate in the charge migration is thus 0.5 × 0.85
≈ 0.425 electrons. As anticipated, this number is small compared to
the total number of valence electrons, Ne = 15.

Until now, we have explained the concept for the timing of the
recoherence of charge migration in HCCI+ by means of pump-dump
laser control, and we have presented and discussed the results for
the didactic 1D model which accounts for the CI stretch. We close
this section by the presentation of the corresponding most impor-
tant results for the 3D model with all CH, CC, and CI stretches.
For the comparison with the 1D results, the 3D quantum dynamics
simulations are carried out using the same pump-dump laser pulses
as for the 1D application; cf. Fig. 2(b). Figures 2(b), 4(b), and 6(b)
compare the 3D and 1D results for pump-dump laser control of the
population dynamics, for the overlaps of the nuclear wave functions,
and for the resulting axial electron fluxes, respectively. The agree-
ment shown in Figs. 2(b) and 6(b) is excellent. Figure 4(b) shows
good conservation of all the qualitative features of the peaks labeled
0–4 and A–E, and even good quantitative agreement for the most
important peak “A,” which contributes to the proof-of-principle,
but many of the other 1D peaks are depleted significantly in 3D,
in particular the peaks labeled B–E and 4. Such depletions have to
be expected when one increases the dimensionality of the model
system, due to intramolecular vibrational redistribution (IVR). It is
amazing that, nevertheless, the final results for the axial electron flux
[Fig. 6(b)] are rather robust, without any significant dependence on
dimensionality and IVR. This can be explained as a consequence of
the fact that the electronic flux during charge migration is much
more rapid compared to nuclear motions. Significant 1D → 3D
variations of nuclear properties such as the overlaps of the nuclear
wave functions are, therefore, not much taken into account (“aver-
aged out”) by the rapid migration of the electrons. Taking all results
together, the 3D quantum dynamics simulations confirm that the
1D model is a good model. This confirmation provides a reward-
ing justification a posteriori for the concept of laser control of the
timing of the recoherences in HCCI+, which we have developed at
the beginning of this section, using the 1D potential curves shown
in Fig. 1. Accordingly, the CI stretch is indeed the most impor-
tant nuclear motion which determines the essential features of the
laser driven decoherence and recoherence phenomena of HCCI+,
beyond the model of fixed nuclei.9,23,24 We repeat once more that a
1D model which accounts for the dominant role of the CI stretch
is already suggested by the photoemission and photoionization
spectra.25,26

IV. CONCLUSIONS
The present paper adds a new discovery to the general field of

research on attosecond electronic charge migration. Previously, it
had already been shown that the process is usually extinguished after
a few cycles, due to decoherence effects of the nuclei, on typical time
scales of few femtoseconds.10–22 Luckily, it was also discovered—first

for diatomic molecules11,16,20–22 and recently also for the first poly-
atomic cation, HCCI+19—that nuclear motions can also launch the
reappearance of charge migration. This phenomenon is called reco-
herence in Ref. 19, because the effect is opposite to decoherence. In
all previous cases, the recoherence phenomenon was observed for
a long time (few tens to hundreds of femtoseconds) after the single
short intense laser pulse, which had initialized the original charge
migration. It was also shown that recoherences can be quasiperiodic,
with reference period Tr.11,16 This paper shows that it is possible
to enforce the recoherence of charge migration at different times
Tc by means of laser control. For the proof-of-principle, we have
used a rather simple scheme based on well-designed pump-dump
laser pulses. The effects could be monitored, in principle, by means
of ultrafast high harmonic spectroscopy, which allows attosecond
time resolution,24 or by electron diffraction with ultrafast x-ray
pulses.31

Our discovery should stimulate the search for alternative
approaches to the timing of the recoherences of charge migration
in HCCI+,19 in diatomic molecules11,16,20–22 or in other systems. For
example, it is easy to suggest that the present dump laser pulses could
be delayed to different delay times such as td ≈ 1.5Te ,vib, 2.5Te ,vib,
etc., instead of the present “first” choice, td ≈ 0.5Te ,vib. Obviously,
this should change the present timing of the “new” recoherence of
charge migration at Tc = 0.5Te ,vib to Tc = 1.5Te ,vib, 2.5Te ,vib, etc. But,
more generally, one should also explore applications of alternative
approaches to quantum control.46,59,60 Ultimately, this should add
valuable new knobs to the set of tools for the manipulation of sequel
processes of charge migration.2,6–8,11,12,27–43
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