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Abstract
We report the measurement of wave function for a biphoton state with continuous variables (CV)
by homodyne detection. The biphoton interference occurs on an optical parametric oscillator,
which is seeded with a coherent state. A set of second-order correlation function values for the
output field are recorded when the intensity coherent state is varied. The wave function, which
includes both magnitude and argument for a complex parameter of the biphoton state, is
reconstructed using the least square estimation method. This may introduce another approach to
characterizing a biphoton state in the regime of CV.

Keywords: wave function, biphoton state, second-order correlation function, continuous
variables

(Some figures may appear in colour only in the online journal)

1. Introduction

The ability to characterize quantum properties of a physical
system plays a central role in the foundations of quantum
physics and applications in quantum information science [1, 2].
Especially, the characterization of nonclassical properties of
light such as anti-bunching, entanglement, and squeezing, is of
great interest in quantum optics and constitutes a useful
resource in quantum technology. In general, the information of

a state can be codified in a state vector yñ∣ , or density operator
r̂, with which one can predict possible measurement output of
observables. In order to obtain the information of the state,
several approaches have been developed in both continuous
variables (CV) [3] regime and discrete variables (DV) [4]
regime quantum optics over past decades.

One approach is to directly measure a variance or cor-
relation for an observable. For CV system, the measurement
is usually performed by homodyne detection and the variance
or correlation on quadrature amplitude of field is investigated.
Meanwhile, photon statistics of light are achieved by
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measuring coincidence with single-photon detector for DV
system. Although this approach is simple and intuitive, the
measurement completely destroys the quantum system and
some original quantum characterization could be lost. To
obtain more information of the quantum system, quantum-
state tomography technique [5] has been developed. This
technique is based on performing a large set of distinct
measurements for quadrature amplitude. Then, Wigner func-
tion in phase space and the density matrix for a state to be
measured are reconstructed with mathematical algorithm. In
past decades, this approach has been extensively investigated.
CV quantum-state tomography has been proven an efficient
method to characterize the nonclassical states, such as a sin-
gle-photon Fock state [6, 7], two-photon Fock states [8], and
Schrodinger’s cat states [9–11]. For DV systems, the state
density matrix in a discrete Hilbert space was also recon-
structed through tomographic method [12–14]. Furthermore,
it should be pointed out in particular that the Wigner function
can be obtained with weak homodyne detection [15–17],
which merges the different techniques introduced for DV and
CV. Although the reconstructed Wigner function with this
approach can give insight into the properties and behaviors of
the state that might otherwise not be obvious, it is an indirect
approach and the computations are a little complicated.

Another successful approach for characterization of a
quantum state is to reconstruct the wave function by quantum
interference technology [18–21] or weak measurement [22–24],
providing complete knowledge of a quantum state. Owing to vast
potential applications in quantum communications, quantum
information processing, foundations of physics, and quantum
metrology, the reconstruction of wave function of a biphoton
state has attracted a great deal of attention. Using two-photon
interference against an auxiliary coherent state, Beduini et al
demonstrated a complete measurement of the complex temporal
wave function of biphotons from a narrow band squeezed
vacuum state [19]. Chen et al measured the biphoton temporal
wave function generated from the spontaneous four-wave mixing
in cold atoms, with polarization-dependent and time-resolved
two-photon interference [20]. Tishler et al also reconstructed the
complex spectral wave function of a biphoton produced by a
type-II parametric down conversion, using quantum interference
[21]. Furthermore, the position wave function of a single photon
has also been obtained directly by weak measurement [22]. The
above-mentioned achievements were focused on the regime of
DV, using the single photon detectors as measurement instru-
ment. The foundation for reconstruction of wave function with
interferometric method lies on the measurement of second-order
correlation function. Recently, it has been demonstrated that the
second-order correlation function can also be measured using
homodyne detection system [25, 26]. Thus, it gives possibility to
reconstruct wave function in CV quantum optics regime.

In this paper, the reconstruction of wave function of a
biphoton state was performed in CV regime with homodyne
detection for the first time. To achieve it, we theoretically
modelled and calculated the second-order correlation function
for a output field of a seeded optical parametric oscillator (OPO)
by introducing a loss parameter. The second-order correlation
function values are measured with a pair of homodyne detectors
in experiment. Both magnitude and argument of the complex
parameter of the wave function for the biphoton state are
reconstructed using estimation theory, which fits a set of second-
order function values with least square method.

2. Model

To understand the principle, we consider a time in-dependent
state ñd∣ in a single mode. Its biphoton wave function can be
obtained by projecting on the ñ2∣ state, i.e. f = á ñ =d2∣
á ñaa d0∣ ˆ ˆ∣ . We consider the commonly encountered case that ñd∣
state contains no more than two photons. Hence, the second
correlation function fµ á ñ =g d a a aa d0 22 2( ) ∣ ˆ ˆ ˆ ˆ∣ ∣ ∣( ) † † gives
important but incomplete information about the biphoton wave
function, as it contains no information on the phase, which is a
complex parameter. It is demonstrated that the information on the
phase can be reconstructed based on the phenomenon of inter-
ference of two-photon amplitude with an auxiliary reference
state. The core idea for reconstruction of wave function with
interferometric method lies on the strong relationship between the
measured second-order correlation function and the reference
state. For example, Beduini et al reconstructed the biphoton wave
function by measuring second-order correlation function when
the phase of ancillary coherent is changed [19]. Here, we propose
a model to measure the biphoton wave function basing on the
change of amplitude of the coherent ancillary. The measuring
state is produced by a spontaneous parametric down-conversion
or an OPO. The output of OPO can be expanded in photon
number representation as form of

z
z

ñ » ñ - ñ0
2

2 , 1∣ ∣ ∣ ( )

where z z= qei∣ ∣ is the biphoton wave function for this state. It is
a complex number and has a small magnitude. To measure it, we
seed the OPO with a weak coherent state. It should be emphased
that the phase θ in equation (1) means the phase of pump phase
minus twice the phase of seed coherent state phase. Generally,
the output state of the seeded OPO can be considered as the
displaced squeezed state
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where zŜ ( ) and aD̂( ) are squeezing and displacement operators,
respectively. For convenience, α is chosen as a real number. The
second-order correlation function for this state is given as [27]
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Differing from the previous reports, the measurement of
second-order correlation function is performed in CV regime,
in which a modified Hanbury–Brown–Twiss intensity inter-
ferometer with two homodyne detectors is utilized [25, 26]. In
CV experiment, the values of g(2)(0) are calculated based on
the measured quadrature variances V+ and V− ( = z+V e2∣ ∣,

= z- -V e 2∣ ∣). This equation is specific to a pure state
(V+V−=1). In DV quantum optics, losses do not affect
the reconstruction results, and they only imply longer
acquisition time in order to reach statistical significance.
However, in a homodyne detection system, losses strongly
affect the measurement outcomes. Usually, the loss changes a
pure state into an impure state (V+V−>1). The loss can be
modelled by a beam splitter with amplitude transmission of η,
which has a second input port for vacuum fluctuations.
Although this simple model has some restrictions, it is enough
for the present work. Hence, the quadrature variances ze2∣ ∣ and

z-e 2∣ ∣ are transformed to h h+ -ze 12∣ ∣ and h h+ -z-e 12∣ ∣ ,
respectively. Applying the transformation to equation (3), we
obtain
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Here, we propose to reconstruct the magnitude z∣ ∣ and
argument θ of complex parameter ζ of the biphoton state with
estimation theory, which estimates the values of parameters
based on measured empirical data that has a random
component. In estimation theory, there are many methods
and we choose to estimate parameters with least squares.
Equation (4) can be a promising model function for least
squares method, in which z∣ ∣, θ, and η are considered as free
parameters. This equation enables comparison between the
predicted and actually measured g(2)(0). In the experiment, the
measured g(2)(0) is obtained by calculating the correlations
among four permutations of measured quadrature compo-
nents, which was obtained by two sets of balanced homodyne
detectors. g(2)(0) is plotted along a range of displacements α.
Based on measured g(2)(0) versus α, we can evaluate the
values of parameters z∣ ∣, θ, and η with least squared method.
This method defines the residual as the difference between the
actually measured g(2)(0)α value and predicted ag 02 *( )( ) value
by the theoretical model for a fixed α. Then, the sum S of
squared residuals for all α is given

å= -
a

a aS g g0 0 . 52 2 2*( ( ) ( ) ) ( )( ) ( )

The least square method finds the optimal parameters,
minimizing the sum S of squared residuals. We set a

reasonable interval for parameters z∣ ∣, θ, and η, which is in
line with physical facts. Within this interval, the optimal
values of parameters z∣ ∣, θ, and η are given by minimizing S.
After this, complex parameter z z= qei∣ ∣ of the biphoton state
is reconstructed and thus the state is characterized.

3. Experimental setup

The experimental setup is outlined in figure 1. The laser
source is a Nd:YAG laser, emitting 2.0W of coherent light at
1064 nm. A major fraction of the beam was efficiently fre-
quency-doubled in a bow-tie enhancement cavity, described
in [28]. The green laser generated at 532 nm is used to pump
an OPO. A small part of fundamental beam is injected into
OPO, used as a seed beam. Before the injection into OPO, the
weak seed beam is amplitude-modulated by an electro-optical
modulator (EOM). This modulation was used to produce a
coherent state on one of the analysis frequency of the laser. In
our experiment, the modulation frequency is 11MHz. The
OPO cavity has a standing-wave configuration, consisting of
a PPKTP crystal and two concave mirrors. For 1064 nm, the
input mirror is highly reflective and the output mirror has a
transmission of 10%. Both of the two mirrors are highly
transmissive at 532 nm.

By varying the relative phase between pump and seed
beams, the OPO cavity can be operated in the condition of
parametric amplification or deamplication, in which the out-
put state is called a phase squeezed state or amplitude
squeezed state. The resulting output beam from OPO cavity is
split into two beams with a 50:50 beam splitter. Each of the
two beams is sent to a homodyne detection system. The
electrical signals of both homodyne detectors were amplified,
bandpass-filtered, mixed at 11MHz, and low-pass filtered.
Then, we use a 12-bit analog-digital-converter with a rate of
240 kS s−1 to sample the signals. Finally, the sampled signals
were recorded on a computer for analysis.

Figure 1. Schematic of experimental setup. SHG: second harmonic
generation; OPO: optical parametric oscillator; EOM: electro-optics
modulator; BS: beam splitter; DM: dichroic mirror; LO: local
oscillator; LPF: low-pass filter; BPF: band-pass filter; ⨂: mixer.
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4. Experimental results and discussion

For calculating a second-order correlation function value, four
permutations of quadratures, which include both quadrature
amplitude and quadrature phase for two separated modes b̂
and ĉ, are required. It is experimentally performed by con-
trolling phase of local beams of the homodyne detection
system. The measured mean, variance and covariance of four
permutations of quadratures were used to calculate the sec-
ond-order correlation function [25, 26]. Actually, the mean of
amplitude represents the displacement α of a coherent state.
This displacement is normalized to the variance of the
vacuum state and it can be varied by adjustment of the
amplitude of the modulation signal at EOM. A set of g(2)(0)
values for both amplitude squeezed state and phase squeezed
state were obtained when we verified the displacement of the
coherent state or pump power for the OPO.

According to our theoretical model, a set of g(2)(0) values
of a displaced squeezed state versus displacement α is
necessary for reconstructing the wave function of the bipho-
ton state. Figure 2 gives some examples for biphoton states
with different coefficients, which are produced by operating
the OPO at different pump powers of 14 mW, 35 mW, 70 mW
and 175 mW, respectively. It clearly shows that the g(2)(0) is

always greater than 1 and monotonically decreases to 1 with
the increment of displacement α for phase squeezed state.
This indicates super-Poissonian statistics and photon bunch-
ing effect for the phase squeezed state. On the other hand,
g(2)(0) for the amplitude squeezed state also decreases from
more than 1 to less than 1 and reaches a minimum value at a
certain value of displacement α. As the displacement
increases further, g(2)(0) monotonically grows and approaches
to 1. We can find out from the four samples that the dis-
placement α, which corresponds to the minimum g(2)(0),
shifts to higher range for higher pump power. Its value
changes from 0.29 to 0.84 when the pump rises up from 14 to
175 mW. Meanwhile, the minimum g(2)(0) increases from
0.38 to 0.77.

The above-discussed behaviors can be also understood
from a viewpoint of two-photon interference [29–31]. The
interference occurs between two-photon probability ampli-
tudes of the biphoton state and coherent state. For a given
pump power, the biphoton state has a two-photon probability
amplitude of z∣ ∣ and the coherent state has a probability
amplitude of α2. For z a2∣ ∣  , the two-photon probability is
dominated by the biphoton state, so both amplitude squeezed
state and phase squeezed state give a g(2)(0)>1. On the other
hand, the g(2)(0) approximates to 1, indicating that the mixed

Figure 2. Experimental measurement of g(2)(0) as a function of displacement α of the coherent state at different pump powers P2ω=(a)14mW,
(b)35mW, (c)70mW, (d)175mW. The black squares are data for amplitude squeezed states, the red circles are data for phase squeezed states,
and the solid lines are fitting curves with equation (5).
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field is dominated by the coherent field for z a2∣ ∣  . A clear
two-photon interference is able to be observed at the range of
z a~ 2∣ ∣ . Especially when z a= 2∣ ∣ , we have complete
destructive two-photon interference, giving a minimum value
of g(2)(0). This can be used to interpret the displacement shift
with the pump power increasing. However, from the view-
point of two-photon interference, the minimum g(2)(0) should
always be 0 for different pump powers, which is different
from the measured results. So when only two-photon inter-
ference is considered, the increment of minimum g(2)(0) value
versus pump powers cannot be explained. The increment of
minimum g(2)(0) value can be explained by the following two
reasons. One is its innate characterization and can be pre-
dicted with equation (4). The other one is purity of the
squeezed state. In the experiment, the purity of the squeezed
state usually deteriorates as the pump power rises.

The wave function of the biphoton state is reconstructed
by fitting the measured g(2)(0) with equation (4). Parameters
ζ, θ, and η are selected as free parameters and the square of
difference between the measured g(2)(0) and predicted g(2)(0)
is minimized by least square method. The parameters ζ and θ

represent the magnitude and argument of the complex para-
meter for a wave function. From figure 2(a), z = 0.095∣ ∣ and
θ=16.7° are obtained for amplitude squeezed state and
z = 0.090∣ ∣ and θ=195.0° are achieved for phase squeezed
state. We summarize the reconstructed magnitude and argu-
ment for amplitude and phase squeezed state at different
pump powers in figure 3. As a matter of fact, the squeezing
level and pump power has been well investigated and has the
relation of [32–34]

z = - -
+ + W

w

w

P P

P P

1

2
ln 1

4

1 4
, 6th

th

2

2
2 2

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟∣ ∣

( )
( )

in which Pth is the threshold of the OPO cavity, and Ω=2πf/γ
is a detuning parameter. Ω is calculated to be 0.2 using the

analysis frequency f of 11MHz and the cavity decay rate γ of
3.5×108 s−1. Pth is estimated to be 2.8W with the measured
parametric gain. The curve in figure 3(a) gives predicted
squeezing level using equation (6). It shows a reasonable
agreement between the predicted and reconstructed squeezing
parameters. Furthermore, the two reconstructed magnitudes from
amplitude squeezed state and phase squeezed state also have an
excellent consistency. Figures 3(b) and (c) show the recon-
structed argument θ of the complex parameter versus the pump
power. A constant phase offset is obtained for each case, which
is expected for an ideal OPO. The average phase offsets of
2.3°±5.1° and 194.6°±14.4° are achieved for the amplitude
squeezed state and phase squeezed state, respectively. Theore-
tically, the phase of amplitude and phase squeezed states should
differ 180°. This deviation can be attributed to two aspects. First,
as the phase squeezed states are obtained when the OPA is
operated in parametric amplification, the noise of phase
squeezed states is usually bigger than that of amplitude squeezed
states as the noise coupling from the seed laser. The classical
phase fluctuation is obviously coupled and this may cause a
larger deviation for phase squeezed states. Furthermore, the
locking condition for amplitude and phase states is also different.
For the same seed power, the intensity of phase squeezed states
is stronger than that of amplitude squeezed states. This may also
induce a phase offset. A few points show the large uncertainty in
the phase values, which can be attributed to accidental noise in
data acquisition, for instance, the instantaneous electronic noise
of the loop or vibration of the platform.

Figure 4 gives the reconstructed parameter η for ampl-
itude and phase squeezed state. In our theoretical model, η is
transmission of a fictitious beam splitter. In the experiment, η
represents the total detection efficiency of the system for the
biphoton state, after it is generated in the OPO cavity. This
includes OPO escape efficiency, propagation efficiency, and
homodyne detection efficiency, which are estimated to be
80%, 92%, 79% for our system, respectively. The total

Figure 3. Reconstructed magnitude z∣ ∣ and argument θ of the complex parameter for the biphoton state with the pump power increasing. In
(a), the squares and circles are the fitted magnitude z∣ ∣ from amplitude and phase squeezed states, curves are theoretical calculation results.
(b), (c) The fitted argument θ from amplitude and phase squeezed states, respectively.
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detection efficiency is calculated to be 58%. An average
transmission η of 51% in figure 4 agrees well with the total
detection efficiency in our experiment.

5. Conclusion

In conclusion, we theoretically proposed and experimentally
demonstrated an approach for characterization of the wave
function of a biphoton state via homodyne detection. This
approach is based on measurement of the second-order correla-
tion function by seeding an OPO with an auxiliary coherent state.
The reconstructed wave function, which includes both magnitude
and argument for a complex parameter of the biphoton state, has
a reasonable agreement with the results predicted from a view-
point of OPO. Furthermore, the detection efficiency of the system
is also evaluated, which is not achieved in other related studies.

Until now, similar results were mainly achieved based on
DV detection technique. This study confirms the possibility for
the reconstruction of wave function of a biphoton state with CV
detection technique. It may stimulate and promote the develop-
ment of DV and CV quantum optics. In addition, for the further
research associated with the reconstruction of three-photon, four-
photon and other multi-photon states, the DV detection technique
will be limited by the production rate of photons and quantum
efficiency of single-photon detectors. The present technique is
relatively free of this trouble and has the potential to reconstruct
the wave function of multi-photon states. To summarize, we
believe this approach may be useful for detecting and char-
acterizing quantum states for quantum information processing,
quantum communications, and quantum metrology.
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