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a b s t r a c t 

We report on theoretical calculations and analyses of the hyperfine structures in the spectra of the Cs 2 
3 3 �+ 

g state observed by Li et al by infrared-infrared (IR-IR) double resonance spectroscopy in 2008. For 

this purpose, we consider the excitation–de-excitation schemes in their entirety, taking into account the 

mixed character of the intermediate levels of the A 1 �+ 
u ∼b 3 ��u system, which generally contains contri- 

butions from all � = 0 , 1 , 2 basis states. We also avoid an approximation for the strongest features in 

the spectra (the major component), in which the probabilities of optical dipole transitions are computed 

from 0-th order state vectors alone. We compute the contributions from all components of the mixed 

states. The fundamental theory and algorithms are described, the parameters of the chosen model are 

fitted and reported, and the results of the simulation are presented. 

© 2020 Elsevier Ltd. All rights reserved. 

1

 

i  

d  

t  

p  

[  

k  

a  

r  

e

 

t  

H  

t

5  

h  

f

o  

E

s  

c  

t  

s  

K  

a  

p  

a  

h  

w

 

a  

i  

m  

b  

h

0

. Introduction 

In last decades, alkali metal dimers are in the focus of exper-

mental and theoretical research, because they open prospects for

evelopment of ultracold molecular trapping techniques [1–3] , op-

imal control studies [4–7] , quantum computing [6–15] , and ex-

erimental investigation of few- and many-body quantum effects

16] . The subject of the present work is Cs 2 , the heaviest stable al-

ali dimer, which was proposed as a reference system to check for

 possible variation of the fundamental constants [17–20] . We al-

eady addressed some aspects of the Cs 2 spectroscopy in various

lectronic states in our earlier publications [21–30] . 

Alkali dimers exhibit a rich hyperfine structure (HFS) because

hey have two nuclei with non-zero spin. Information on the

FS [31–45] is essential to produce dimers in specific quan-

um states via photoassociation of the atomic pairs (see [6,27,46–

4] and references within) or by tuning through zero-energy Fes-

bach resonances with magnetic fields (including the population
∗ Corresponding authors. 
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f molecules’ absolute ground states and the formation of Bose-

instein or Fermi-Dirac condensates) [30] . 

In [55] , Li et al. recorded the excitation spectra of the Cs 2 3 
3 �+ 

g 

tate (dissociation limit 6 S 1 / 2 + 7 S 1 / 2 ) using the perturbation fa-

ilitated infrared-infrared double resonance (PFIIDR) experimental

echnique. They observed a rich rovibrational structure and con-

tructed the potential energy function in the form of the Rydberg-

lein-Rees (RKR) curve and the expanded Morse oscillator. They

lso reported on partly resolved hyperfine structures (HFS), whose

rincipal mechanism was attributed to the Fermi contact inter-

ction, for many rovibrational levels. However, these HFS spectra

ave not been thoroughly analyzed or modeled since that work

as published. 

In recent years, we improved our computational algorithms and

pproaches so we were able to perform the analysis of the HFS

n ultracold photoassociation spectra of the heteronuclear NaCs

olecule [48,50,56] . Very recently, similar approaches have also

een applied to the HFS in the perturbation facilitated optical-

ptical double resonance (PFOODR) spectra [57] of the 1 3 �g state

f the “hot” homonuclear molecule Na 2 . These approaches consider

ost of the mechanisms neglected in earlier models [32,34] , pri-

arily the complete excitation–de-excitation schemes of the ex-

https://doi.org/10.1016/j.jqsrt.2020.107037
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jqsrt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2020.107037&domain=pdf
mailto:v.sovkov@spbu.ru
mailto:vladimir_sovkov@mail.ru
mailto:fxie@mail.tsinghua.edu.cn
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periment and the mixed character of the window A 

1 �+ 
u ∼b 3 ��u 

levels (see Secs. 3, 4 below). 

The aims of this study include the adaptation of the aforemen-

tioned method to the case of the Cs 2 3 3 �+ 
g state, modeling of all

observed [55] HFS spectra, and determination of the fine and hy-

perfine interaction parameters. Totally, we have analyzed 52 such

spectra, most of which had not been published yet. 

2. Experimental details 

Based on the widely used PFOODR technique [58–69] , the PFI-

IDR was developed in studying the excited states of K 2 , Rb 2 , and

Cs 2 [21–25,34,55,70–82] . So far, several excited states of Cs 2 , in-

cluding 3 3 �+ 
g , 3 3 �g , etc., have been observed by this technique

[21–24,55,78] . The experimental setup [55] is similar to that used

in the K 2 PFIIDR experiments [70] . Briefly, two-step two-color ex-

citation of the Cs 2 3 3 �+ 
g state via mixed A 

1 �+ 
u ∼b 3 ��u state have

been realized. Cesium vapor was obtained by heating the Cs metal

to approximately 300 ◦C in the heatpipe with argon at the pres-

sure of approximately 1 Torr used as a buffer gas. Two counter-

propagating laser beams produced by single mode tunable Top-

tica DL 100 diode lasers with approximately 5 MHz linewidth

(pump laser, 9620–9830 cm 

−1 scanning range, ∼ 25 mW power,

and probe laser, 9560–9750 cm 

−1 scanning range, ∼ 30 mW power)

overlapped at the center of a heatpipe. When the mixed inter-

mediate state was excited from the ground state X 1 �+ 
g by the

pump laser, the upper state 3 3 �+ 
g can be detected by scanning

the probe laser frequency and monitoring the 3 3 �+ 
g → a 3 �+ 

u fluo-

rescence with a photomultiplier tube. Fixing the pump and probe

lasers to excite a selected 3 3 �+ 
g level, we were able to mea-

sure 3 3 �+ 
g → a 3 �+ 

u fluorescence with a 0.85 m double grating

Spex 1404 monochromator. The hyperfine structure of 3 3 �+ 
g can

be investigated by the excitation spectroscopy, which was analyzed

in detail in the current paper. 

3. Theoretical model 

Here, we present the Hamiltonian terms and their matrix ele-

ments that were actually used in our computations: a more com-

plete model can be found in our previous works [48,50,57] , al-

though the present version is slightly altered. Notice, that the

Hamiltonian terms and their matrix elements are given below in

their full form targeted at dealing with any dimers and inter-

actions. If the case of interactions within one multiplet and/or

homonuclear diatomic molecule is considered, many of these equa-

tions can be reduced to simpler forms used in, e.g., [32,34,83–86] .

The equations in the forms presented below are embedded in our

computational codes. Throughout this section, the standard spec-

troscopic and group theory designations from [87] are used, anal-

ogous to [48,50,57] ; terms related to the entire molecule and indi-

vidual electrons are labeled with uppercase and lowercase letters,

respectively. 

3.1. Model Hamiltonian 

The effective Hamiltonian for the system under study can be

written as 

H 

(ef) = (H 

R + H 

CD ) + H 

SS + H 

SR + (H 

FC + H 

DIP ) . (1)

The rotational part consists of the rotational term H 

R and the

centrifugal distortion term H 

CD : 

H 

R = 

〈
v 
∣∣∣∣ h̄ 

2 

2 mr 2 

∣∣∣∣v 
〉

R 

2 = B v ( J − L − S ) 
2 (2)

H 

CD = −D v (R 

2 ) 2 . (3)
e would like to emphasize that, even though the present work

eals with fixed rotational states and concentrates on their hy-

erfine structure, the rotational terms are nevertheless essential

nd must be considered during the analysis. A blended state con-

ains contributions from several J and � components mixed by the

echanisms described below, which are influenced by the rota-

ional parameters. 

The spin–spin interaction (simplified form equivalent to previ-

usly used; see [32,34] and references therein) is 

 

SS 
simp = 

2 

3 

λ
(
3 S 2 z − S 2 

)
. (4)

The spin-rotation interaction is as follows: 

 

SR = γ R · S = γ
[
J · S − L · S − S 2 

]
. (5)

The last two terms of Eq. (1) represent the hyperfine effects,

amely, the Fermi contact interaction 

 

FC = 

2 ∑ 

k =1 

∑ 

i 

b (ki ) 
F 

I k · s i (6)

nd the dipolar interaction (simplified form similar to previously

sed; see [32,34] and references therein) 

 

DIP 
simp = 

2 ∑ 

k =1 

1 

3 

c (k ) 
d ( 3 I kz S z − I k · S ) . (7)

n (6) and (7) the summation runs over k nuclei and i valence elec-

rons of the molecule. 

In general, the Hamiltonian also includes terms corresponding

o spin-orbit H 

SO and electric quadrupole interaction H 

EQ , interac-

ion between the spins of nuclei H 

II , between the molecular rota-

ion and the nuclei spins H 

IR , and interaction between the electron

rbits and the nuclei spins H 

IL . However, it was found that for Cs 2 
heir contributions were insignificant in our simulations, so we do

ot present explicit expressions for them. 

.2. Interaction matrix elements in the Hund’s case ( a β ) basis 

The molecular states of the � symmetry belong to the

und’s case ( b ) coupling scheme. However, it is often emphasized

88] that the Hund’s case ( a ) basis is advantageous in that it has

he maximum number of good quantum numbers. Within an ap-

roximation of the isolated multiplet (adopted by us currently) by

ither the case ( b ) or ( a ) basis sets, the same space of the physical

tates is considered and the results are equivalent. All equations

nd computer programs used in our earlier works [48,50,57] em-

loyed the Hund’s case ( a β ) basis. We use the same approach here

or the analysis of the Cs 2 3 3 �+ 
g state. 

The Hund’s case ( a β ) basis state vectors are: 

 

n v 	S�J(� = 	 + �) IF M F 〉 = | n 	〉 | S�〉 | (J�I) F M F 〉 | v J 〉 (8)

ith 

 

(J�I) F M F 〉 = 

∑ 

M J M I 

∣∣J�M J 

〉| IM I 〉 
〈
J M J , I M I | F M F 

〉
, (9)

 

IM I 〉 = 

∑ 

M I 1 
M I 2 

| I 1 M I 1 〉 | I 2 M I 2 〉 〈 I 1 M I 1 I 2 M I 2 | IM I 〉 , (10)

 designates all non-specified quantum numbers. With the

im of brevity, further on we often use the designation N =
 n v 	S�J�IF M F } for the entire set of the Hund’s case ( a β ) quan-

um numbers. 

With this basis, the matrix elements of the Hamiltomian terms

isted above are presented below. In the formulae that follows, we

mphasize the possible dependence of the parameters on the vi-

rational quantum number v by introducing it in either the Dirac
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ra-ket notation for the state vectors or as an extra subscript but

mit their dependence on J , which is usually weaker due to a rel-

tively weak dependence of the ro-vibrational wavefunctions on J .

n the actual computations of the transition probabilities (22) , the

 dependence of the wavefunctions in Eq. (23) was included (see

he following section). 

The rotational term H 

R ( Eq. (2) ) produces for its diagonal ma-

rix element the case (a) rotational energy: 

 v J = B v 
[
J(J + 1) − �2 + S(S + 1) − �2 

]
(11) 

nd the S -uncoupling term for the only off-diagonal matrix ele-

ent between the states with the same 	 and v : 

N | −B v ( J + S − + J −S + ) | N 

′ 〉 = −B v δ		′ (12) 

×δI I ′ δF F ′ δJ J ′ δSS ′ 
{ [

(J(J + 1) − �′ (�′ − 1)) 

× (S(S + 1) − �′ (�′ − 1)) 
]1 / 2 

δ�, �′ −1 

+ 

[
(J(J + 1) − �′ (�′ + 1)) 

× (S(S + 1) − �′ (�′ + 1)) 
]1 / 2 

δ�, �′ +1 

} 

. 

The matrix elements of the centrifugal distortion term H 

CD 

 Eq. (3) ) can be found by a straightforward squaring the matrix

f H 

R : 

 

CD = −D v 
(
H 

R /B v 
)2 

. (13) 

The spin–rotation term H 

SR ( Eq. (5) ) produces the diagonal ma-

rix element 

N 

∣∣H 

SR 
∣∣N 

〉
= γv 

(
�2 − S(S + 1) 

)
. (14) 

he only off-diagonal element of H 

SR contributing to the case un-

er consideration obtains the form (12) via the substitution B v →
γv 
2 . 

The spin–spin interaction H 

SS 
simp 

in the simplified form of

q. (4) only produces the diagonal matrix element: 

N 

∣∣H 

SS 
simp 

∣∣N 

〉
= 

2 

3 

λv 
(
3�2 − S(S + 1) 

)
. (15) 

The (presumably strongest) Fermi contact interaction H 

FC 

 Eq. (6) ) and the dipolar interaction H 

DIP 
simp 

in the simplified form

f Eq. (7) result in: 

N 

∣∣H 

FC 
∣∣N 

′ 〉 = C 
({ b F k v } 2 k =1 

)
(16) 

(−1) F −S+ I + I ′ + I 1 + I 2 −	δ		′ 

nd (with the extra condition | � − �′ | ≤ 1 ) 

N 

∣∣H 

DIP 
simp 

∣∣N 

′ 〉 = C 
({ c d k v } 2 k =1 

)
(−1) F + I + I 

′ + I 1 + I 2 +	−S+1 δ		′ δSS ′ 

×
[ 
(� − �′ ) 2 − 2 

3 

] 
[ (2 S + 1) S(S + 1) ] 

1 / 2 
(17) 

espectively, where 

 

({ a k } 2 k =1 

)
= 

[
(2 J + 1)(2 J ′ + 1)(2 I + 1)(2 I ′ + 1) 

]1 / 2 

×
(

J 1 J ′ 
� (�′ − �) −�′ 

)(
S 1 S 

−� (� − �′ ) �′ 

)

×
{

F J ′ I ′ 
1 I J 

}
2 ∑ 

k =1 

([{
I 1 I I 2 
I ′ I 1 1 

}
δk 1 

+(− 1) I −I ′ 
{

I 2 I I 1 
I ′ I 2 1 

}
δk 2 

]

× [ (2 I k + 1) I k (I k + 1) ] 
1 / 2 

a k 

)
(18) 
nd the parameters are expressed as: 

 F k v = 

∑ 

i 

〈
n v 	

∣∣b (ki ) 
F 

∣∣n v 	
〉〈

S 
∥∥˜ T 

1 (s i ) 
∥∥S ′ 

〉
, (19) 

 d k v = 

〈
n v 	

∣∣c (k ) 
d 

∣∣n v 	
〉

(20) 

ith 

˜ T n (s ) being the irreducible tensor operator of the n th rank of

 , the tilde symbol over it emphasizes that its components in the

olecule-fixed coordinate system are of interest (this does not in-

uence the resulting reduced matrix element and only deals with

he ways of manipulating it). 

In a case of a homonuclear molecule with I 1 = I 2 , the coeffi-

ients at a 1 and a 2 in Eq. (18) are equal. Hence, separate contri-

utions from a 1 and a 2 are indistinguishable, and an attempt to fit

hem separately would definitely result in a numerical instability.

o avoid this setback, in our calculations we adopted effective pa-

ameters { a 1 , a 2 } → { a 1 ( eff) = a 2 ( eff) = (a 1 + a 2 ) / 2 } . In the basis

f the properly symmetrized g/u -parity state functions, this hap-

ens automatically. 

The relative probabilities (intensities) of electric dipole optical

ransitions with the electric vector E of an isotropic system: 

 

iso 
nn ′ = 

2 π

3 h̄ 

2 
| E | 2 ∣∣〈n v . . . F 

∥∥T 

1 ( d ) 
∥∥n 

′ v ′ . . . F ′ 
〉∣∣2 

(21) 

an be computed using the reduced matrix element: 

N 

∥∥T 

1 ( d ) 
∥∥N 

′ 〉 = δSS ′ δ��′ δI I ′ (−1) F 
′ + I+�+1 (22) 

[
(2 F + 1)(2 F ′ + 1)(2 J + 1)(2 J ′ + 1) 

]1 / 2 

(
J ′ 1 J 

−�′ (�′ − �) �

){
J F I 

F ′ J ′ 1 

}
M , 

ith M being the matrix element of the dipole: 

 = 〈 n v 	| ̃ T 

1 
	−	′ ( d ) | n 

′ v ′ 	′ 〉 . (23)

. Computational algorithm 

In the experiment, the 3 3 �+ 
g → a 3 �+ 

u fluorescence was excited

y PFIIDR 

 

3 �+ 
g (v , N) ← A 

1 �+ 
u ∼b 3 �u (J, k ) ← X 

1 �+ 
g (v X , N X ) (24)

e attempted to simulate the transitions at all stages. 

In the works [55,89] , the intermediate state A 

1 �+ 
u ∼b 3 �u levels

ere labeled by the rotational quantum number J and the vibra-

ional quantum number v A of the singlet component A 

1 �+ 
u . How-

ver, it is recognized [90] that neither v A nor v b of the triplet com-

onent are good quantum numbers for the strongly mixed levels.

n the present article, we use the numbering with J , k , where k are

he ordinal (in the ascending order of eigenenergies) numbers of

he levels with the fixed J . This way of numbering follows the suit

f [91] . 

The procedure of simulation was as follows. At first, we ob-

ained the eigenenergies and eigenfunctions of the HF components

or a single selected 3 3 �+ 
g vibrational state. To do that, we con-

tructed and diagonalized the Hamiltonian matrix in the Hund’s

ase ( a β ) basis. As mentioned earlier, the 3 3 �+ 
g state is closer to

he Hund’s case ( b ), and its levels are characterized by the rota-

ional quantum number N . So, we included all J = N, N ± 1 state

unctions in the basis sets. 

Then, we consistently analyzed all steps of the excitation–de-

xcitation scheme. Namely, we computed the probabilities of the

ptical transitions on the first step of excitation scheme to predict

he populations of different I , F components of the A 

1 �+ 
u ∼b 3 �u 

ystem in assumption that the excitation occurs from a single rovi-

rational level of the X 1 �+ 
g ground state with equally populated
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Fig. 1. The vibrational wavefunctions of the Cs 2 A 1 �+ 
u ∼b 3 �u (J = 100 , k = 149) triplet (upper panel) and singlet (lower panel) state components [91] . The dots of the 

computational grid are connected with the straight lines. For ease of comprehension, the amplitudes of the � = 1 component are multiplied by a factor of 20, and those of 

the � = 2 component are multiplied by a factor of 200. 
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non-blended ( I , F ) sublevels. Further, we computed populations of

the 3 3 �+ 
g state HF components as the probabilities of optical tran-

sitions on the second step of (24) , taking into account calculated

populations of F , I components of A 

1 �+ 
u ∼b 3 �u mixed state. 

A blended character of the A 

1 �+ 
u ∼b 3 �u intermediate levels

was considered within the model presented in [91] taking into ac-

count the contributions from their different � components. When

our analysis had been completed and the present paper had been

finalizing, we found out that the new experimental data and the

renewed analysis of the Cs 2 A 

1 �+ 
u ∼b 3 �u system were published

in [92] . A switch to this newer model from the one of [91] used by

us currently cannot influence our results substantially, as the older

model [91] was already very reliable within the energy range of

our interest. We intend to switch to the new model [92] in our

future research of the Cs 2 spectroscopy. 

It was found that the coupling of the different � components

of the Cs 2 (A 

1 �+ 
u ∼b 3 �u ) system based on the model of [91] sig-

nificantly altered the shapes of their vibrational (coordinate) wave-

functions, in contrast to the case of Na 2 discussed in [57,93] . Sam-

ple characteristic wavefunctions are given in Fig. 1 . So, we were not

able to use the individual � fraction amplitudes ‖ ��‖ ± in the

mixed intermediate states as signed (notice the “ ± ” superscript)

weights of their contributions to the optical transition probability

amplitudes, in place of the matrix elements M in Eq. (22) , as it
as done in [57] . The algorithm utilized in the present paper was

ore complicated. Specifically, we computed the vibrational wave-

unctions of all � components of the A 

1 �+ 
u ∼b 3 �u intermediate

evels within the model of [91] and the vibrational wavefunctions

f the levels of the upper 3 3 �+ 
g state based on the potential en-

rgy functions from [55] ; then, we substituted their overlap inte-

rals as factors M for the optical transition probability amplitudes

n Eq. (22) . For this purpose, we used our programs utilizing the

oupled channel Fourier grid method [94–96] . 

Finally, we simulated the intensity distributions in the experi-

ental HFS spectra as the probabilities of the optical transitions

rom these states, into an effective vibrational level of the a 3 �+ 
u 

tate with the J ′ quantum number ranging from N − 2 to N + 2

aking into account precomputed 3 3 �+ 
g populations. The com-

uted probabilities (“discrete spectra”) were convolved with the

orentzian functions, which approximate the line profiles. During

he optimization, the widths of the Lorentzians were fitted along

ith the interaction parameters. 

The computations were repeated iteratively with parameters of

he fine and hyperfine interactions being varied until the best re-

roduction of the experimental spectra was achieved. We used

he computer package “Optimizer” for this purpose, utilizing the

evenberg–Marquardt scheme of the least square fit based on the

ingular value decomposition (SVD) of the design matrix, which is
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Table 1 

List of the observed [55,89] and modeled HFS spectra 3 3 �+ 
g (v , N, T ) ← A 1 �+ 

u ∼b 3 �u (J, k, T k ) with their vibrational v and rotational N, J quantum numbers and term 

values T , T k (relative to the bottom of the ground state, cm 

−1 ); k is the ordinal number from below of the mixed intermediate level [91] with the fixed J . All the term 

values T k , T are experimental [55,89,91] . 

J k T k v N T J k T k v N T 

70 124 9841.487 2 69 19577.290 100 149 10127.275 5 99 19705.761 

70 124 9841.487 2 71 19579.761 100 149 10127.275 5 101 19709.236 

24 138 9919.486 3 25 19569.028 101 149 10129.202 5 100 19707.472 

42 134 9890.912 3 41 19578.422 101 149 10129.202 5 102 19710.983 

42 134 9890.912 3 43 19579.911 102 149 10131.131 5 101 19709.235 

44 134 9892.509 3 43 19579.911 102 149 10131.131 5 103 19712.779 

44 134 9892.509 3 45 19581.469 160 142 10230.798 5 159 19839.310 

46 133 9894.180 3 45 19581.469 99 149 10125.344 6 98 19731.807 

46 133 9894.180 3 47 19583.097 100 149 10127.275 6 99 19733.533 

24 138 9919.486 4 23 19596.476 101 149 10129.202 6 100 19735.238 

24 138 9919.486 4 25 19597.331 101 149 10129.202 6 102 19738.735 

42 134 9890.912 4 41 19606.694 102 149 10131.131 6 101 19736.995 

42 134 9890.912 4 43 19608.178 100 149 10127.275 8 99 19788.686 

44 134 9892.509 4 43 19608.177 100 149 10127.275 8 101 19792.129 

44 134 9892.509 4 45 19609.731 102 149 10131.131 8 101 19792.128 

46 133 9894.180 4 45 19609.730 102 149 10131.131 8 103 19795.637 

46 133 9894.180 4 47 19611.353 160 142 10230.799 8 159 19920.927 

78 141 10010.650 4 77 19644.027 170 151 10342.526 8 169 19948.718 

78 141 10010.650 4 79 19646.759 172 151 10348.822 8 171 19954.471 

160 142 10230.798 4 159 19811.860 102 149 10131.131 9 101 19819.493 

222 137 10446.996 4 223 20019.921 102 149 10131.131 9 103 19823.001 

224 137 10455.103 4 223 20019.921 172 151 10348.822 9 173 19987.101 

226 137 10463.276 4 225 20027.468 100 149 10127.275 10 99 19843.339 

78 141 10010.650 5 77 19672.043 100 149 10127.275 10 101 19846.760 

78 141 10010.650 5 79 19674.764 172 151 10348.822 11 171 20034.653 

99 149 10125.344 5 100 19707.471 172 151 10348.822 11 173 20040.331 
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escribed in [97] with the downloadable source codes available at

98] . 

We worked with a set of archived files containing the spec-

ra at Tsinghua University, most of which had not been pub-

ished anywhere else. The spectra were labeled as 3 3 �+ 
g (v , N) ←

 

1 �+ 
u (v A , J) . Due to the mixed character of the state function, this

abeling is not unambiguous and unable to uniquely characterize

he intermediate window levels. The term values of the interme-

iate levels that were actually used in the experiments could be

xtracted from Tables A.1 and E of [89] ; the model of [91] allowed

s to determine the ordinal numbers k of these levels. The spec-

ra we have analyzed are listed in Table 1 with the unambiguous

abeling and term values. 

It can be seen from Table 1 that among 52 spectra analyzed in

he present paper there are two spectra of rotational levels that

elong to v = 2 , seven that belong to v = 3 , fourteen that belong

o v = 4 , ten that belong to v = 5 , five that belong to v = 6 , seven

hat belong to v = 8 , three that belong to v = 9 , two that belong to

 = 10 , and two that belong to v = 11 . The total data set includes

evels belonging to the range of rotational quantum numbers N =
3 —225 and vibrational quantum numbers v = 2 —11. 

We were unable to locate the characteristics of the initial

round X 1 �+ 
g state levels in the schemes from Eq. (24) . However,

he vibrational quantum number v X plays no role in computing the

elative intensities, and differences in the HFS spectra lineshapes

or the schemes beginning with N X = J − 1 and N X = J + 1 are neg-

igible. 

The total parity of a state of �+ symmetry is (−1) N . For the

omonuclear Cs 2 molecule, only even values I = 0 , 2 , 4 , 6 of the to-

al nuclear spin can exist in the positive parity rotational 3 3 �+ 
g 

tates and only odd values I = 1 , 3 , 5 , 7 can exist in the negative

arity rotational 3 3 �+ 
g states. Therefore, it is expected that 9 major

F features will be produced from the 3 3 �+ 
g levels with odd rota-

ional quantum numbers N , and 7 major HF features will be pro-

uced from the 3 3 �+ 
g levels with even rotational quantum num-

ers N . In most of the experimental HFS spectra, such features are

ecognizable. 
m  
. Results and discussion 

We fitted the observed spectra of each of the 3 3 �+ 
g (v =

 , 3 , 4 , 5 , 6 , 8 , 9 , 10 , 11) vibrational levels separately to the global

odels described in the previous sections. We used the numerical

alues of the rotational constants B v and the centrifugal distortion

onstants D v for all of these levels from [55] . All other parameters

ere optimized in the fit. 

The following are examples of the final simulations of the Cs 2 
 

3 �+ 
g excitation spectra with the HFS [55] : 

• 3 3 �+ 
g (v = 2 , N = 71) ← A 

1 �+ 
u ∼b 3 �u (J = 70 , k = 124) transi-

tion is shown in Fig. 2 . 
• 3 3 �+ 

g (v = 3 , N = 43) ← A 

1 �+ 
u ∼b 3 �u (J = 44 , k = 134) transi-

tion is shown in Fig. 3 . 
• 3 3 �+ 

g (v = 4 , N = 41) ← A 

1 �+ 
u ∼b 3 �u (J = 42 , k = 134) transi-

tion is shown in Fig 4 . 
• 3 3 �+ 

g (v = 6 , N = 102) ← A 

1 �+ 
u ∼b 3 �u (J = 101 , k = 149) 

transition is shown in Fig. 5 . 
• 3 3 �+ 

g (v = 10 , N = 101) ← A 

1 �+ 
u ∼b 3 �u (J = 100 , k = 149) 

transition is shown in Fig. 6 . 

These spectra represent features specific to the HFS with neg-

tive ( v = 6 ) and positive ( v = 2 , 3 , 4 , 10 ) parity. The final sets of

arameters for all of the experimentally observed vibrational levels

re listed in Table 2 . 

Summarizing, we have estimated all relevant parameters in our

odel for the HFS of the Cs 2 3 3 �+ 
g state. The Fermi contact inter-

ction (FC) is the dominant source of the hyperfine splitting. For

ach vibrational level, the FC has a separately determined value;

owever, the differences between these vibration–dependent pa-

ameters are not large ( Table 2 ). Next in importance is the spin-

otation interaction (SR). The other two interactions have a smaller

ffect on the line shapes in the theoretical model but still affect

he simulated feature-shapes. These are the spin–spin (SS) and nu-

lear dipolar (DIP) interactions. 

According to [48] , the asymptotic near–dissociation value of the

olecular electronic spatial diagonal matrix element of the Fermi



6 S.S. Onishchenko, V.B. Sovkov and F. Xie et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 250 (2020) 107037 

Table 2 

Parameters of the fine and hyperfine interactions estimated from a fit of the exper- 

imental HF spectra of the Cs 2 3 3 �+ 
g state. All values are expressed in wavenumbers 

(cm 

−1 ), estimated standard deviations (for the last decimal digits reported) in the 

parenthesis, the character “e” designates the decimal order. 

v b F1 v = b F2 v (FC) γ (SR) λ (SS) c d1 v = c d2 v (DIP) 

2 4 . 5044(26)e −2 5 . 00(1)e −4 7 . 102(9)e −2 1 . 82(7)e − 3 

3 5 . 186 89(5)e −2 7 . 84(2)e −5 6 . 4906(7)e −2 2 . 081(2)e −2 

4 5 . 1699(7)e −2 6 . 59(2)e −5 6 . 6343(33)e −2 2 . 084 19(1 70)e −2 

5 5 . 245 40(8)e −2 5 . 06(3)e −5 7 . 074(3)e −2 2 . 2219(19)e −2 

6 5 . 2012(11)e −2 6 . 47(3)e −5 6 . 614(5)e −2 2 . 246 90(3)e −2 

8 5 . 2734(10)e −2 6 . 55(2)e −5 6 . 701 594(15)e −2 2 . 5458(28)e −2 

9 5 . 2125(19)e −2 6 . 63(5)e −5 6 . 351(2)e −2 2 . 294(5)e −2 

10 5 . 3901(16)e −2 3 . 450(4)e −4 6 . 6900(5)e −2 1 . 454(4)e −2 

11 4 . 93(3)e −2 3 . 853(3)e −4 7 . 573(8)e −2 1 . 439(7)e −2 

Fig. 2. HFS spectrum Cs 2 3 3 �+ 
g (v = 2 , N = 71) ← A 1 �+ 

u ∼b 3 �u (J = 70 , k = 124) : 

experiment, simulation. 

Fig. 3. HFS spectrum Cs 2 3 3 �+ 
g (v = 3 , N = 43) ← A 1 �+ 

u ∼b 3 �u (J = 44 , k = 134) : 

experiment, simulation. 

Fig. 4. HFS spectrum Cs 2 3 3 �+ 
g (v = 4 , N = 41) ← A 1 �+ 

u ∼b 3 �u (J = 42 , k = 134) : 

experiment, simulation. 

Fig. 5. HFS spectrum Cs 2 3 3 �+ 
g (v = 6 , N = 102) ← A 1 �+ 

u ∼b 3 �u (J = 101 , k = 

149) : experiment, simulation. 
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Fig. 6. HFS spectrum Cs 2 3 3 �+ 
g (v = 10 , N = 101) ← A 1 �+ 

u ∼b 3 �u (J = 100 , k = 

149) : experiment, simulation. 
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ontact interaction is the half sum of the corresponding atomic pa-

ameters as they defined in [48] . The dominating such parameter

n the Cs 6 S 1/2 state was estimated [48] to be ∼ 1.15 GHz ( 3 . 83×
0 −2 cm 

−1 ). After the summation, the spin factor in Eq. (19) equals
 

6 resulting in the asymptotic estimate b ∞ 

F k v = 4 . 69× 10 −2 cm 

−1 .

he values in Table 2 are close to this estimate but somewhat

arger due to a contribution from the Cs 7 S 1/2 atomic state ( ∼
 . 0 ×10 −2 cm 

−1 ) as well as the exchange effect. 

The current simulation reproduces satisfactorily the line shapes

n the spectra. The remaining discrepancies can be of different ori-

in. First, due to a high density of states in the observed energy

ange, there can be accidental optical resonances with other rovi-

ronic levels, whose fluorescence overlaps the observed ones and

istorts the line shapes. Second, in spite of the relatively high tem-

erature and pressure of the buffer gas, presumably destroying the

lignment of the molecules at every next step of the excitation

cheme, there can be some residual alignment not taken into ac-

ount in our present model. Third, the collisions, besides destroy-

ng the alignment, can also alter the relative populations of the

yperfine components in the intermediate and upper rovibronic

tates. Fourth, perturbations from some neighboring levels belong-

ng to other electronic states cannot be excluded as well. Theo-

etically, the hyperfine splitting of the intermediate A 

1 �+ 
u ∼b 3 �u 

evels can also contribute to the observed spectra but we are un-

ware about an observation of such noticeable splitting—the model

f [91,92] does not include hyperfine interactions and proved to be

ery reliable and accurate. 

In order to estimate the role of those mechanisms and include

hem into the model, extra rather difficult experiments are needed,

hich are not available for us currently, as well as a substantial

omplication of the theoretical model and the computational algo-

ithm. On the other hand, the present model is already a step for-

ard from the aforementioned earlier models [32,34] and is able

o reproduce the experimental HFS spectra reliably. 

. Conclusions 

The algorithm and computational approaches for simulation

nd analysis of the hyperfine spectra in homonuclear diatomic

olecules were applied to the case of the HFS spectra of the Cs 
2 
 

3 �+ 
g state. The analysis was successfully conducted and, to the

est of our knowledge, is the first such analysis to be conducted. 
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