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ABSTRACT

We report on our theoretical analysis of the hyperfine splitting in the spectra of the 13Ag, 23TI,, and
33%; triplet states of ®Li’Li, which were experimentally observed in 2002 (Li et al.) by means of Pertur-
bation Facilitated Optical-Optical Double Resonance (PFOODR) spectroscopy. In our previous work, both
homonuclear and heteronuclear molecules were analyzed. However, in this work, we theoretically in-
vestigate an isotope-substituted homonuclear molecule for the first time and demonstrate the applica-
tion of our approach to this case. In our model, we reproduce the major stages of the excitation-de-
excitation schemes by considering the mixed nature of the intermediate A'%;} ~b3Tlg, singlet-triplet
states, whereby the three components of the 2 =0, 1, 2 basis states might contribute to the hyperfine
splitting. We compute the contributions from all components of the mixed states. We present physical
models for all triplet states under study, along with the obtained parameters of the analyzed molecu-
lar system and the simulation results. Additionally, we describe the principal steps of the computational

algorithm in detail.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

The study of alkali metal dimers has garnered increasing inter-
est because these compounds are among the main candidates for
prospective research on the ultracold photoassociation of atomic
couples [1-3], the formation of Bose-Einstein or Fermi-Dirac con-
densates [4], and optical coherent control of quantum dynam-
ics [5-8]. In addition, precision measurements of cold molecules
are expected to be efficient tools for the study of the stabil-
ity/variations of fundamental constants (proton-to-electron mass
ratio, fine-structure constant) [9-12].
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Alkali dimers reveal a complex hyperfine structure (HFS) owing
to the interactions of two non-zero nuclear spins with each other,
with the rotation of the molecule, with the electronic spins, and
with the orbital angular momentum. Therefore, it is necessary to
obtain accurate quantitative information about their HFS and the
parameters of the internuclear interactions.

In [13], Li et al. observed the HFS of the 13Ag, 23T1g, and 33%)
triplet states of SLi’Li by means of the sub-Doppler Perturba-
tion Facilitated Optical-Optical Double Resonance (PFOODR) excita-
tion technique through mixed A% (v, =5.] =24) ~b3‘I"Iu(1/;J =
12,N' =23,J = 24) window levels. The authors inferred that the
Fermi contact interaction between the ’Li nucleus and the elec-
tron spin is primarily responsible for the HFS of the 332; and
13Ag states, and that the Fermi contact constants are 110 MHz
(367 x 10~> cm~!) and 107 MHz (357 x 10> cm™1!), respectively.
Additional splittings due to spin-spin, spin-rotation, Fermi con-
tact interactions of the 6Li nucleus, and other possible interactions
were not resolved. It was found that the 3357 and 13A; states
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Fig. 1. SLi’Li triplet states’ excitation scheme.

follow the case (bgs) coupling scheme. The 23T, state reveals an-
other coupling scheme and a smaller Fermi contact constant value.
They concluded that the different results might be due to the dou-
bly excited nature of the 231, state.

In [14], Abraham et al. observed a HFS in the photoassocia-
tive spectra of Li, and “Li, in the A'X} and 13%; states. The
authors reported that the HFS of the 13X/ state of ®Li, was re-
solved for the first time. They also estimated the Fermi contact
constant for the 132‘,;r state to be b; =92.44+0.8 MHz (the au-
thors defined b as a coefficient in formula bS -1, which is largely
due to the Fermi contact term of the og2s orbital; S is the elec-
tron spin, and I = i; + iy is the nuclear spin). Therefore, according
to convention of our work, B; = (4- (?)/2) -924=6-924~
225.35 MHz. In comparison, in earlier experiments on ’Li, ]3A‘£,
23 %4, and 33 %4, the Fermi contact constants were determined to
be 98.664 MHz (~ 242 MHz) [15], 96.262 MHz (~ 235 MHz) and
95.663 MHz (~ 234 MHz) [16], respectively.

In the present work, we used the experimental data from
[13] for a theoretical analysis of the HFS of the 13A,, 2311, and
33% triplet states of ®Li’Li. Fig. 1 demonstrates a schematic di-
agram of the PROODR fluorescence excitation and resolved fluo-
rescence spectroscopy of the SLi’Li triplet states. The experimental
setup and experimental details have been described thoroughly in
Li et al. [13,17].

We first compare the calculated parameters of the HFS with the
experimentally derived ones for the 13A, and 332g states, and
then theoretically explain the hyperfine splitting of the 231 state.

Computational algorithms and methods that were improved
upon in the past few years allowed us to analyze and simulate
the HFS in ultracold photoassociation spectra of the heteronuclear
NaCs molecule [18-20], as well as HFS in the PFOODR spectra of
the homonuclear molecules Na, in the 13A, state [21] and Cs;
in 332); [22]. These approaches take into account the complete
excitation-de-excitation scheme and the mixed nature of the in-
termediate levels A'Z;" ~ b3T1q,, which, to the best of our knowl-
edge, has not been realized preciously.

In this paper, we describe the use of our pioneering com-
putational method on an isotope-substituted diatomic molecule,
namely, on the SLi’Li molecule, which has not been investigated
with our approach before. Other objectives were to receive a sim-
ulation of the HFS in the spectra, determine predominant hyperfine
interactions, and analyze the fine and hyperfine interaction param-
eters.
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2. Theoretical model

In this section, we present the effective Hamiltonian with the
corresponding equations for its terms and matrix elements used
in our calculations and computational codes. Overall, the entire
model is similar to our previous model, with which we consid-
ered and analyzed the HFS of the 33 %4 state of the homonuclear
Cs, molecule [22]. In the presented computations, we neglected
several interactions (such as spin orbit, nuclear spin-electron spin,
nuclear spin-electron orbit, nuclear spin-rotation interactions) be-
cause their contributions to the hyperfine splitting were found to
be insignificant. For this reason, we do not present their formulas
in this paper (a more complete model can be found in our previ-
ous works [18,19,21]). Within this paragraph, we use the standard
spectroscopic designations from [23], similar to [18,19,21]; terms
associated with the entire molecule and individual electrons are
tagged with uppercase and lowercase letters, respectively.

2.1. Model Hamiltonian

The effective Hamiltonian for the isotope-substituted SLi’Li
molecule can be written in the form:
HE) = (H® + HP) + H% 4+ H® + HME, (1)

The parenthesis distinguishes the rotational part which consists of
the rotational term HR and the centrifugal distortion term HCP,

HR=<U

H® = —D,(R?)%. (3)

The simplified form of the spin-spin (SS) interaction is:

2
2ur?

U>R2=B,,(J—L—S)2‘ (2)

H* = %x(asg -§%). (4)
The spin-rotation (SR) interaction is given by:
H®=yR - S=y[]. S-L.-S-§*] (5)

The Hamiltonian of the hyperfine interaction for ®Li’Li com-
prises the Fermi contact interaction, the electric quadrupole inter-
action, and the nuclear SS interaction, and can be defined as:

ths — ths,7 + ths,G + Hll (6)
where

H'=d/(I; - I, - 3Ly, - L) ~ d]I; - I, (7)
ths,i — HFC,i + HEQ,i (8)

= bil;- S+ T2 (VEy) - T*(Qy).

with index i = 6,7, corresponding to °Li and “Li, H" - nuclear spin
interaction (II), H'! — Fermi contact interaction (FC), HEQ! — elec-
tric quadrupole interaction (EQ).

2.2. Interaction matrix elements for Hund’s case (ag) basis

An isotope-substituted molecule has several features that must
be taken into account when constructing a model. First, there are
no changes for the form of the main equations. The Hamiltonian
of the electrons in our case is invariant under the inversion of the
electron coordinates of the molecule; thus, the g/u-parity is con-
sidered. However, there is no permutation symmetry for identical
nuclei and, therefore, the selection of states associated with it. Ad-
ditionally, the relationship with the atomic parameters at large in-
ternuclear distances changes, which is described in more detail in
Section “Results and Discussion”.
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The present model is similar to the one we used for the simula-
tion of HFS in our previous works. Therefore, all equations for the
interaction matrix elements can be found in Liu et al. [18], Sovkov
et al. [21], Onishchenko et al. [22]. However, the nuclear SS interac-
tion was included in our model for the first time, and the equation
for its matrix element is as follows:

(nASTJQIFME|dy 1y - |0’ A'S'S) Q'I'FME) (9)
1
= 5555/822/8/\/\/8]]/8”/(”1\ |d1/ |n/A)

x[II+1) =L +1) =L +1)]

Furthermore, in this study, the designations of the parameters
used in the original works of Refs. [18,19,21] are utilized.

3. Computational algorithm

Transitions from the ground X! X4 state to the intermediate
A'S} ~ B3I, states were excited by a pump laser, whereas the
upper triplet states were detected by scanning the probe laser fre-
quency and monitoring the 3> /13A4/23T1g, — a3 X, /b3y flu-
orescence. The corresponding excitation schemes and diagrams
(Fig. 1) demonstrating the excitation of the triplet states are given
below:

e BT (v=6,N=23)
< DTy, = 12,N' = 23,] = 24) ~ Al
(—Xlzér(yx,Nx)

« 2T (v = 4N = 22,24)
< BT, (v, = 12,N' =23,] = 24) ~ A1 5]
<—X1Eg(vx,Nx)

« 13A (v =4,N=2223,24)
< DTV, = 12,N' = 23, = 24) ~ Al S
<—X1Zg(vx,Nx)

Similarly to our previous study on the HFS analysis of the 33Eg
state of Cs, [22], we have no information on the value of the vi-
brational and rotational quantum numbers vy and Ny of the ini-
tial ground state ®Li’Li X! $; in the excitation schemes. However,
this characteristic is inconsequential when calculating the relative
intensities: the HFS patterns do not change regardless of whether
the excitation scheme starts with the Ny =J —1 or Ny =J + 1 level
and do not depend on vy.

In [13,24], the levels of the intermediate states were described
for Hund’s coupling case (b) (the levels A'Z;} ~ b3I1, were iden-
tified by the rotational quantum number N’, and, in most cases,
by the vibrational quantum number v, although in some cases by
UA).

The equations and computational programs used in the present
work employed a Hund’s case (ag) basis; thus, the vectors of the
triplet b3T1, state assigned to Hund’s coupling case (b) should be
expanded on the basis functions of Hund’s case (a).

Both Hund’s case (a) and (b) basis functions equivalently span
the same multiplet of the electronic spin and can be easily trans-
formed into each other. The transformation matrix is well known
and can be found in Brown and Howard [25].

The major steps of the simulation process of the HFS of the
6Li’Li molecule are similar to those used for the HFS of the Cs,
molecule in our previous work [22]. We obtained the eigenenergies
and eigenvectors of the HF components for fixed vibrational states
(v=6:4:4) for the 33%;, 2°I1,. and 13 Ay states, respectively. To
achieve this, the Hamiltonian matrix was constructed for a Hund’s
case (ag) basis and diagonalized. Next, to predict the populations
of the I, F sublevels of the A'Z; ~ b*I1,, states, we calculated the
optical transition probabilities for the initial stage of the excita-
tion scheme. It was presumed that the rovibrational levels of the
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Fig. 2. HFS spectrum SLi’Li 3*%f (=6, N=23) « T, (v, =12,N' =23.J =
24) ~ A'}: experiment [13], simulation.

X1 Eg state, from which excitation starts, exhibit evenly populated
I, F components. Then, we calculated the hyperfine component I, F
populations of the 33X, 23Tz, and 13 A, triplet states (second
step of the excitation scheme), taking into account the already cal-
culated populations of the I, F components of the A~ b blended
state.

However, we could not find any model in literature that would
characterize an interaction between Al oh~ b311, intermediate
levels for the isotope-substituted lithium molecule (unlike for Cs,
[22]); therefore, we adopted the algorithm that we utilized for the
analysis of the blended A'%; ~ b3I1, states of Na, [21]. We as-
sumed that the coordinate wave functions are of the same shape,
and that contributions of the €2 components are determined by
their amplitudes.

In the final step, the intensity distributions of the experimental
HFS were simulated. For this, we computed the probabilities of the
optical transitions from the upper triplet states 23I1 and 33 Eg to
the a33; effective vibrational level and from the 13 Aq to the B3I,
vibrational level (in accordance with the selection rules). One of
the major advantages of the experimental technique in work [13] is
that laser beams counter-propagate, resulting in sub-Doppler res-
olution. Therefore, Doppler line-broadening might be neglected in
the experimental spectra. The line-broadening is mainly due to fi-
nite lifetimes and collisions of lithium molecules with each other
and with a buffer gas. Both of these mechanisms give Lorentzian
contours. Therefore, the calculated probabilities (“discrete spectra”)
were convolved with Lorentzian functions, approximating the line
profiles. During the optimization, the Lorentzian widths were fitted
along with the interaction parameters. A more detailed description
of the simulation procedure can be found in Onishchenko et al.
[22].

4. Results and discussion
4.1. Simulation of the experimental spectra

Theoretical models were constructed separately for the 33 x5,
23T, and 13 Ag triplet states. The numerical values of the molec-
ular constants B, and D, were adopted from [26].

The simulation results of the °Li’Li 335/, 23T1g. and 13A, ex-
citation spectra with HFS [13] are presented in Figs. 2-7.
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The sets of HFS parameters for the triplet states derived during
the optimization are listed in Table 1. The table shows the factually
fitted parameters, which correspond to the matrix elements, span-
ning the electronic spatial and spin degrees of freedom (see Refs.
[18,21,22]).

To estimate the influence of various terms of the hyperfine
Hamiltonian, definite interactions were turned off during the sim-
ulation process. From these auxiliary computations, we concluded
that the FC interaction has the main impact on the HFS profiles,
followed by the impact of the SS interaction. The remaining pa-
rameters, such as SR (for the ¥ and A states), EQ (for all states),
and II (for the IT state) interactions make additional contributions
that are, however, less noticeable.

The other interactions, which are unaccounted terms of the
Hamiltonian (for instance, dipole interactions, taking into account
the orientations of each electron and nucleus, and the distance be-
tween them) and possible processes affecting modeling, which are
listed in Section 4.3, might influence some weaker features of the
simulated profiles.
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Table 1
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Parameters of the fine and hyperfine interactions obtained from a simulation of the experimental HFS of
the SLi’Li 3°%;, 23TI;, and 13A, states. All values are expressed in MHz; estimated standard deviations
are given in parentheses and refer to the last reported digits, and “e” sets the decimal order. The strict
definitions of the parameters B, and Q, can be found in Liu et al. [18].

B7(FC) Brs(FC) y(SR) A(SS) 97(EQ) 96(EQ)
Py 255.0(1.5) 85.5(3.6) 30.0(1.5)e—2 4275(5.4)  63(12) 283.5(9.6)
1BA,  229.92(1.05) 91.89(0.64) 44.63(1.96)e—2  139.2(1.8)  309(6) 8.4(2.1)
B (FC) Brs(FC) a’(1n A (SS) 97(EQ) 96(EQ)
23T,  138.70(0.75)  46.0(1.4) 33.4(0.4) 156.0(2.1)  —215.7(7.5)  215.0(5.7)
4.2. Asymptotic properties where

We estimate the asymptotic behavior of diatomic molecular
systems at large internuclear distances, for which all molecu-
lar equations reproduce the energy structure of two independent
atoms. The dominant source of the hyperfine splitting is the FC in-
teraction; thus, our reasoning is aimed at assessing the asymptotic
value of the molecular electronic spatial diagonal matrix element
of this term.

In our previous work [18], we derived expressions connecting
the asymptotic matrix elements with the atomic matrix elements,
which significantly simplified the overall analysis.

These formulae are as follows:

1 /
(n'Alhy|n'A) — 5311/,;,%(101&%) [y | Y7 (G (10)

1 /
(n* Alhy[n*A) — 58y (Vi (@) e e ().

-1 k+i ,
(' Al A) D8 (a0 I @),

where h;, is an operator of an interaction between the electron
of the ith nucleus and another kth nucleus, ¥ (q,) is the wave
function of the kth electron with the coordinate qy, v represents
the wave function of another (different from k) atom. Moreover,

((172,1/2)S]IT" (s)]1(1/2,1/2)S")) (11)

— (_1)5’(2—i)+S(i—1)[(25+ 1)(25/ + 1)](1/2)

1 g 1}\/§
%12 2 =
{S/ 3 1|y2
0, $=8=0
B J3/2, S=8=1 ._1,
] -DiV32, Ss=0S5=1 "~ "7
(-D1V32, $=1,8=0

When discussing triplet states, it is sufficient to consider only
the second case, for which S=5 = 1. The properties described
above allow for the derivation of the asymptotic values of the
molecular matrix elements in terms of the elements of the atomic
matrices.

Therefore, for parameter Bg, in the matrix element for the
FC interaction (see Eq. (19) in our previous work [22]), within
the basis of non-symmetrized relative electron permutations (ger-
ade/ungerade), we have:

Brie=Y_CAIbIPPANS =1|[T'(s)]IS' = 1)

i

(12)

— (V6/2)by,

by = (nl|b{|nl) (13)
is the diagonal electron matrix element of the kth atom, and b;k")
represents the local FC interaction between the ith electron and
the kth nucleus. Factor +/6/2 is the factor that connects our defini-
tion of molecular parameters at the asymptote with atomic param-
eters. Its nature is geometric and is not related to the correlation
effects.

Therefore, the FC constants (Bpg and Bp7) for ®Li, and 7Li, are
given by (the values of the corresponding atomic matrix elements
(b and by) of 25;,, atomic states for 6Li and 7Li, and are given in
Li et al. [13]):

Brg = v/6/2 - 152.137 = 186.329 MHz for SLiy;

Br7 = +/6/2 - 401.752 = 492.043 MHz for Li,.

Eq. (10) quoted above are matrix elements within the basis of
the asymptotic electronic state functions that do not possess a def-
inite g/u parity, which is the case for a heteronuclear molecule.
However, in the case of homonuclear diatomic molecules (includ-
ing isotope-substituted ones, for which the spatial configuration of
the electric field also exhibits inversion symmetry), the basis func-
tions must be symmetrized correspondingly, which results in the
modification of the matrix elements as well.

The matrix element is zero if there are no identical atomic
states between the two asymptotic molecular states, regardless of
whether or not those atomic states are identical within every one
of the molecular states.

If both molecular states are identical (the matrix element
is diagonal) but comprise of different atomic states, the g/u-
symmetrized functions become sums or differences of the initially
non-symmetrized ones, differing by the inversion of the electronic
cloud, divided by ~/2. Consequently, an asymptotic matrix element
within such functions becomes the half-sum of the matrix ele-
ments of a kind of (10) with summands dealing with one of two
atomic state functions and constituting the asymptotic molecular
state. If only one of these states contributes (such as for the FC
interaction at the s + p asymptote), this makes the result twice as
small as (10).

We consider that in terms of the FC interaction, the major con-
tribution comes from the ground state (the contribution of the ex-
cited state can be neglected) (s + p asymptote); thus, it would be
sufficient to divide the estimated values in half for Brg and Bgy to
obtain ones in a properly symmetrized g/u basis:

Brg = 186.329/2 = 93.1645 MHz for SLiy;

Bry = 492.043/2 = 246.0215 MHz for 7Liy;

The asymptotic values are close to those given in Table 1 for
the 335 and 13 Ay states.

The 23I; state exhibits a doubly excited nature
[ou(np)]'[7u(np)]'. An uncompensated magnetic moment in
the p-orbitals leads to some changes in the spatial distributions of
the electrons in the s-orbitals; in other words, the s-orbital does
not directly contribute to the FC interaction; thus, the constant
for this term should be smaller. In our model, the FC interaction
effectively includes all effects of the nuclear and electron spin
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interactions (not only the contact ones, which should be zero for
non-s-orbitals). Table 1 shows that the FC constants are noticeably
lower in this case than those for the 33X, and 13A; states.
Moreover, we determined that the II interaction contributes to
the hyperfine splitting for the 23I1; instead of the SR interaction,
which is important for the 3357 and 13 A, states. All these factors
might be reasons for the differences in the hyperfine patterns of
the 23I0; state spectral lines and those of the 33%) and 13Ag
states.

4.3. Unaccounted processes affecting the modeling

The simulation of the experimental spectra demonstrates a sat-
isfactory result, which can be seen in Figs. 2-7. However, there are
still some discrepancies between the experimental and the simu-
lated spectra. The remaining differences might be due to the fol-
lowing reasons. First, accidental optical resonances with other rovi-
bronic levels can occur. Investigated transitions can overlap with
accidental resonances, which in turn can cause the distortion of
line shapes. Second, we presumed that the comparatively high
temperature and the buffer gas pressure destroyed the alignment
of the molecules at every step of the excitation scheme; however,
there could be some remaining alignment that was not taken into
account in our model. Third, the relative populations of the hy-
perfine components in the intermediate and upper states can be
altered by collisions. Fourth, it is also possible that some neighbor-
ing levels belonging to other electronic states perturb the levels
engaged in the excitation scheme.

To assess the impact of these processes and possibly take them
into account in our calculations, supplementary experiments as
well as substantial and complicated reworking of the theoretical
model, which are not currently accessible for us, are required.

5. Conclusions

We constructed a theoretical model for the HFS analysis of the
homonuclear isotope-substituted ®Li’Li for the 33X, 23T, and
13 A4 triplet states. The main steps of the excitation-de-excitation
scheme were implemented, and the mixed nature of the window
levels was taken into account. We theoretically studied an isotope-
substituted homonuclear molecule for the first time. The dominant
source of the hyperfine splitting for the three triplet states is the
Fermi contact interaction, which is in good agreement with deriva-
tions of the asymptotic value of the molecular electronic spatial di-
agonal matrix element of this term. We obtained satisfactory sim-
ulation results and estimated the HF parameters based on these
results.
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