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Non-Hermitian systems have observed numerous novel phenomena and might lead to various applications. Unlike
standard quantum physics, the conservation of energy guaranteed by the closed system is broken in the non-Hermitian
system, and the energy can be exchanged between the system and the environment. Here we present a scheme for simulating
the dissipative phase transition with an open quantum optical system. The competition between the coherent interaction
and dissipation leads to the second-order phase transition. Furthermore, the quantum correlation in terms of squeezing is
studied around the critical point. Our work may provide a new route to explore the non-Hermitian quantum physics with

feasible techniques in experiments.
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1. Introduction

In standard quantum mechanics, a closed system is de-
scribed by the Hermitian Hamiltonian and the associated real
eigenvalues spectrum. However, there always exist chan-
nels between the system and the environment, which are built
through the force driving, dissipation, or fluctuation induced-
dissipation. Such a system is generally called an open quan-
tum system.!'=3] Open systems with dissipation have been
a subject of significant interest in physics and can be de-
scribed by non-Hermitian Hamiltonians in contrast to standard
quantum mechanics requiring Hermiticity. Exceptional points
(EP), known as non-Hermitian degeneracies or branch points,
correspond to special points in parameter space at which both
the eigenvalues and the eigenvectors of the non-Hermitian
Hamiltonian simultaneously coalesce. A number of intrigu-
ing physical effects related to EP have been observed in op-
tical gain-loss systems, such as topological chirality, poten-
tially enhanced sensitivity, and phase transition in the case
of PT-symmetry breaking.*-8! When describing the open sys-
tem of interaction between a light field and a multi-level sys-
tem, the decay term is often introduced into the Hamiltonian
to reflects spontaneous emission or ionization and the decay
of the system population.>*~'1] In the optical parametric pro-
cessing, the dissipation caused by the interaction between the
environment and the cavity reflects the lifetime of the corre-
sponding eigenstate.!'?] Quantum decoherence is also the re-
sult of entanglement between the open quantum system and
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environment, [13-16]

With the study of open systems, quantum mechanics
has developed from Hermitian to non-Hermitian, as shown
in Fig. 1. Quantum mechanics, born in the early 20th cen-
tury, requires observable measurements to have real eigenval-
ues. The Hermitian is a sufficient and unnecessary condition
for the system to have real eigenvalues. According to the
PT symmetry theory defined by Bender in 1998, the observ-
ables of non-Hermitian systems with real eigenvalues need to
satisfy the following three conditions in the case of even in-
version symmetry:!!7-1°1 1. The Hamiltonian is PT symmet-
ric (i.e., [I:I ,ﬁf‘] = 0). 2. The PT symmetry of the system
is not broken (i.e., PT'g; = ¢;). 3. The Hamiltgnian has the
property of transposition invariance (i.e., H = H). In 2002,
Mostafazadeh thought that the PT symmetry theory did not
include all non-Hermitian systems with real energy spectrum,
which was not a necessary and sufficient condition for non-
Hermitian systems to have real eigenvalues. ") Moreover, PT-
symmetric non-Hermitian Hamiltonian with transposition in-
variance is only a special case of pseudo-Hermitian Hamil-
tonian. The pseudo-Hermitian system he redefined is a non-
Hermitian Hamiltonian system with a discrete energy spec-
The Hamil-

, the energy spec-

trum and a set of biorthogonal basis vectors.
tonian satisfies the equation A" = AARA ™!
trum of which appears in the form of real number or conjugate
complex number pairs. Moreover, a necessary and sufficient

condition for a pseudo-Hermitian system to have a real en-
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ergy spectrum is that there exists a linear invertible operator
O such that the Hamiltonian is OO' pseudo-Hermitian sym-
(007) 1 (007)”
evolution of the open quantum system is described by the mas-

metric, i.e., HT = "'In general, the dynamic
ter equation for density matrix of the system, while to study the
generation of the squeezed light by optical parametric oscilla-
tor or quantum interface between light and atoms, quantum
Langevin equations of motion for operators are adopted in this
paper. 212!

In this article, we apply the non-Hermitian quantum the-
ory in the open optical quantum system, where the dissipation
is included in the Hamiltonian. Dissipative phase transition
is observed and is attributed to the competition between the
coherent interaction and dissipation. Furthermore, quantum
correlation in terms of squeezing is analyzed here.

non-Hermitian

1. bender

quantum
mechanics

Hermitian

real spectrum Hermitian operator

PT-symmetry theory

2. Mostafazadeh
pseudo-Hermitian theory

Fig. 1. The schematic of the quantum mechanics developing from Hermitian
to non-Hermitian.

2. Theoretical simulation of an open quantum
system

Figure 2 illustrates the schematics of the optical system
considered here, in which the optical parametric interaction
occurs inside an optical resonator via a nonlinear crystal.[?6->7]
External coherent pump light with the power of &, and seed
light is coupled to the cavity through the input mirror. There
are three resonant modes in the cavity: pump mode ag with a
frequency of @y, and seed modes consisting of signal mode d;
and idle mode d, with frequencies of @; and w,, respectively.
The transmission loss rates of the three modes in the cavity are
assumed to be Py, B, and B, respectively. Given the nearly
degenerated signal and idle modes in the optical resonator, one
= P, =B. The real
number ¥ is the nonlinear factor, proportional to the second-

can assume the equal loss for them, i.e., B;

order polarization rate of the crystal.

resonant cavity

2
—

pump

seed \/ crystal x .
o A N
k/“”
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Fig. 2. Schematic of the open quantum optical system considered. One
pump photon dgy converts into a pair of lower-energy photons, @; and d;
subject to both energy conservation and the cavity resonance condition. The
corresponding transmission loss rates are f3; (i = 0,1,2). x is the nonlinear
factor.

The non-Hermitian Hamiltonian of such an open system
can be expressed as follows:

A~

H = Z ﬁa),-dja, +ihy (aoa az—aoalag)
i=0,1,2
+iﬁ(spag—s;do) — Y ingala, (1
i=0

where the first term is Hamiltonian of all the optical modes,
and the second term represents the optical parametric inter-
action term of three resonant modes in the cavity. The third
term denotes the transformation between pump field g, and
cavity pump mode dp, and most importantly, the fourth term
represents the transmission loss of three cavity modes, i.e.,
non-Hermitian terms. Since we consider the steady state of
the light field (w; =0, i =0, 1,2), the mean field approxima-
tion, d; = a;(t)e %" = [a; + 8a;(t)]e "1 %e ¥ (i=0,1,2)
and &, = |8p‘ e 1™ e~1% can be used to linearize A with
the mean values of @; obtained by the steady state approxi-
mation (dd;/dt = 0).[?%?7 The quantum fluctuations higher
than the second-order are ignored as small quantities. Hence,
the second-order quantum fluctuation term is obtained (2 = 1)

SH=—Y ipsasa;+ixan (6@{5&5 — 5@155,2) L@

i=1,2
In order to decouple the part related to 6d; from dd,, we
- 5&2)/\/5 and (Sd,\z =

use the transformation 8d; = (64,
(841 + 8ay)/+/2. Then Eq. (2) reads

S50 — —iBodisd, + X% (5&2 5d”‘2) —iB8disds
X0 (o oo
: (5d2 5d; ) 3)

Now we denote the terms related to 8d; and 8d> as 8H and
8H, respectively as

S8H = 51:11 + 51:12,
SH) = —ipodisd, + "2“0 (88— 8d?).
51, = —iBodiSds — @ (sd3-8d?). @

Regarding 86H,, we define n = i, m=ixa, and then

5, = —ndd]8d, + (Sd”z scﬁz) (5)

In the matrix form of A, SdTSdAl corresponds to diagonal
elements, while 5d? and Bde correspond to non-diagonal el-
ements. In order to diagonalize 8H;, we employ the com-
plex Bogoliubov transformations, SdAl = @cosh% + ibsinh Q,
SdT = l_)coshg — ibsinh g. 8H, is transformed into[28-32!
O0H, = [ 131‘2) (fgisinhe - %cosh@)}

N

+bb (—ncosh6 + misinh 0)
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1
n [2 (—ncoshO + misinh §) + ’;] 6)
taking tanh = mi/n to eliminate the term of (5> —5'?) and
substituting the value of m and n, then we get

—iy/B2 4 (o PBb— 3B+ (e + 3B, )

Here b and b are bosonic annihilation and creation operators
that satisfy [l;,l_)] = 1. It is important to note that b + b since
6 is complex. The vacuum state of b bosons is defined via
b|0) = 0. Tt can be seen from Eq. (7) that the Hamiltonian has
a negative imaginary part, which represents the dissipation of
the eigenstate. And the larger its absolute value, the faster cor-
responding eigenstates dissipate, and therefore the shorter its
lifetime. |0) is defined as the steady state because its eigen-
value has the largest negative imaginary part.

Considering the aforementioned Bogoliubov transforma-
tion and bosonic commutation relation, the following result

/)

2

can be obtained:

gug(

A 0 « 0 « 0 6
+b (—isinh2 cosh — +isinh — cosh 2> ,

2
— |sinh

0
h—
cosh =

2 2
2 2
(0] bb"|0) = cosh 2| — [sinn & (8)
2 2
Therefore, we have
s\ _ 1xoo o 1xoo
<6d > 2 B <6d1>_2/3’
2
w1 [P+ (o)
(sdisd) =3 | LR )
C a1 (VB ()
p\ = L VP AT
<5d15d1>_2 5 1. 9)

Taking into account the feasibly experiential observable, we
introduce the amplitude quadrature operator SYdl =8d,+6 dT
and phase quadrature operator 67, = —i (55? | — 5dT> whose
quantum fluctuation can be expressed as

X 0o B2+ (x o)’

<|5X |> B +f7

2 2
<|5Pd1|2>:—xgo+ﬁ?m. (10)

3. Dissipative phase transition and the associ-
ated quantum correlations

In practice, the particle loss of the cavity modes is mainly
due to the transmission of input and output mirrors. As nonde-
generate optical parametric amplification (NOPA) processing

[33.341 it is assumed that the transmission

is shown in Fig. 3,
loss rates of the output mirror to the three modes in the cavity
are Y, 71, and 7, respectively. And the transmission loss rates
of the input mirror to the three modes in the cavity are pg, pi,
and p,, respectively. As stated above, due to the nearly degen-
erated signal and idle modes, one can make the assumption
that %1 = 1o = yand p; = p = p. B (1), & (1) (i=0,1,2)
are the input of the vacuum field at the right and left end of the

cavity, respectively.

Pi Vi

pump, ag wy

) é
nonlinear

ay Wi
seed crystal X fo—
= —

ay Wa

Fig. 3. Schematic of the optical parametric processing. Pump mode dy
with the frequency of @y, signal mode @, with the frequency of ®; and idle
mode d, with the frequency of @, are interactive in the cavity. % and p;
(i=0,1,2) are the transmission loss rates of the output and input mirror to
the three modes in the cavity, respectively. x is the nonlinear coefficient.

So the dissipative term is —i (¥ +pl-)€zjaA,~, Hamiltonian
of the system is expressed as
H= Y oda-+ix(adfal-ajana)
i=0,1,2

+i(gah—gd0) ~ ¥

i=0,1,2

i(p+p)ala. (1)

According to the quantum Langevin equation of motion of the
NOPA cavity 3334

do = _i[&OaH]_(}’0+Po)do+\/2%Bg)n+ 2p0€in,
&1 = —ilan,H) = (v+p) a1+ /275" + /2pélm,
by = —ilas, H]— (y+p) a2+ /270" +/2pélR. (12)

Substituting d; = a;(t)e "1 (i = 0,1,2) into Eq. (12), we get

do (1) = — (W +po)do (t Jr|€p\ei —xa (t)ax (t)
+ V210580 (1) + /2P0 (1),

c*zl(t):f(7+p)&1()+mo() (t)
V2 (0 + V208" (1),

&y (1) = = (y+p)ax (t) + xao (¢ aI (1)
+ /215 (1) + /290 (1) (13)

We assume the average value of cavity mode operators
{a; (1)) = aye 1% (i =0,1,2). Under the condition of steady
state, Eq. (14) is obtained because the average values of vac-
uum field operators are equal to 1,

0= —(W+po)doe % +|g|e ™ — yajone %,
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0=—(r+p)ae "l +xopope 1,
0=—(y+p)ae "2+ yapoye 2. (14)

Hence, the solutions of steady state are as follows:
o =(v+p)/x

o =0n = /gy~ (0+po) (r+p)/x/x,  (152)
oo =&/(Y+po), o1 =0p=0. (15b)

According to Eq. (15), only when &, — (Yo +po) (Y+p)/x >
0, oy = o # 0 is true. That is to say, when &, > ethres (thresh-
old: €™ = (y4po) (y+p)/x), the steadystate solutions
above the threshold are Eq. (15a), and the signal mode and
idle mode oscillate in the cavity where the coherent interaction
is dominant. Otherwise, the steady-state solutions below the
threshold are Eq. (15b), and the signal mode and idle mode
will be in the vacuum field (a; = o = 0) where the loss is
dominant.

As expected, a dissipative phase transition (second-
order phase transition) occurs around the threshold of pump
light in such a system. Figure 4(a) shows order parameters
o; (i =1,2) as a function of the intensity of the driving pump
light &,. We introduce k = y o/ (y+ p). If the pump power is
below the threshold, k = &, / ethres and 0 < k < 1 are obtained
by the solution of steady state. If the pump power is above the
threshold, then one gets k = 1.

1.5 0 T
(a) (b) :
ay, oy —0.4 X E,
1
1.0 . _08 .
<z .
3 £ .
= —1.2 1
0.5 1
_1.6 1 E,
1
0 —2.0 - . L
0 2 4 6 8 10 0 0.5 1.0 1.5 2.0
€p 8p/atlurcs

Fig. 4. Dissipative phase transition in the open quantum optical system.
(a) Order parameters ; (i =1,2) for p+po =10, y+p =1, x =5, and
ghres — 2 a5 a function of the intensity of the driving pump light €. (b) The
imaginary parts of eigenvalues Ey (brown curve) and E; (blue curve) as a
function of €,/€". The red dashed line shows the position of the thresh-
old, the so-called critical point.
The dissipative coefficient Y+ p here corresponds to 8 of
part 2. According to Eq. (7), the Hamiltonian with the second-

order quantum fluctuation term can be rewritten as
SH1=|—iv/ 1+k213b—% (\/1+k2— 1)} / (y+p). (16)

As an example, we look at the eigenvalues Ej and E| cor-
responding to bb = 0 and 1, respectively. Figure 4(b) shows
the imaginary parts of Ey (brown line) and E; (blue line) in
the unit of Y+ p as a function of g,/ ghres respectively. The
part of 0 < g,/e™ < 1 corresponds to the situation below
the threshold, and the part of &,/ gres > 1 corresponds to that

above the threshold, indicated by the red dashed line in the
figure. Strikingly, there also exists the non-analytical behav-
ior for both curves in the threshold, the critical point. Be-
low the threshold, the higher the pump power is, the faster
the eigenstate dissipates. Above the threshold, as the pump
power continues to increase, the dissipation will tend to satu-
ration. In terms of the order parameters and the eigenvalues of
the non-Hermitian Hamiltonian, it indicates that a dissipative
phase transition (second-order phase transition) occurs around
the threshold of pump light in such a system.

We proceed to discuss the quantum correlation in terms
of squeezing. Figure 5 shows (|6Xy, |*) and (|8P;, |*) as a

function of &,/

, indicated by the green and purple solid
curves, respectively, and the black solid line represents SNL.
Below the threshold, the noise of the amplitude quadrature op-
erator is raised above the SNL, while the noise of the phase
quadrature operator is squeezed below the SNL. And by in-
creasing the intensity of pump light to approach the threshold,
the nonclassical optical field with a higher squeezing degree
can be achieved. However, above the threshold, with the in-
crease of pump power, the squeezing degree tends to satura-
tion. In terms of the quantum correlation, it similarly indicates
that a dissipative phase transition (second-order phase transi-

tion) occurs around the threshold of pump light.

3.0

2.5 (16X 4%

2.0

1.5¢

1.0

Quantum fluctuation

05k (| 65, |%)

|
|
|
|
|
' SNL
I
|
|
|
|

0 0.5 1.0 1.5 2.0
5p / 6thrcs
Fig. 5. The green and purple solid curves represent quantum fluctuation
of 5)?,1] and Bﬁdl as a function of &,/ ghres respectively. The red dashed

line shows the position of the threshold, the so-called critical point. The
black solid line represents SNL.

In summary, the existence of dissipative term leads to
the threshold to be non-zero, which leads to the second-order
phase transition of the order parameters, the eigenvalues of
non-Hermitian Hamiltonian and the quantum correlation near
the threshold. And the larger the dissipation is, the larger the
threshold value will be. Then the intensity of pump light is
needed to be bigger than the threshold value to eliminate the
domination of dissipation and make the signal mode and idle

mode oscillate in the cavity. Otherwise, the signal mode and
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idle mode will be in the vacuum field because their steady-
state solution is zero below the threshold. That is to say, the
dissipative phase transition is attributed to the competition be-
tween the coherent interaction and dissipation.

4. Conclusion and perspective

We report the application of non-Hermitian theory in an
open quantum optical system. Due to the competition between
coherent nonlinear interaction and the dissipation induced by
the system loss, a dissipative phase transition is observed.
Moreover, we analyze the quantum correlations in terms of
squeezing around the critical point. Our work provides new in-
sight into the quantum simulation of the non-Hermitian quan-
tum system, especially the quantum properties.
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