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We consider the near-field radiative energy transfer between two separated parallel plates: graphene
supported by a substrate and a magneto-optic medium. We first study the scenario in which the two plates
have the same temperature. An electric current through the graphene gives rise to nonequilibrium
fluctuations and induces energy transfer. Both the magnitude and direction of the energy flux can be
controlled by the electric current and an in-plane magnetic field in the magneto-optic medium. This is due
to the interplay between the nonreciprocal photon occupation number in the graphene and nonreciprocal
surface modes in the magneto-optic plate. Furthermore, we report that a tunable thermoelectric current can
be generated in the graphene in the presence of a temperature difference between the two plates.
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Introduction.—Nonreciprocity is attracting substantial
interest in plasmonics and radiative energy harvesting. In
magneto-optic materials, a magnetic field breaks time-
reversal symmetry, which results in nonreciprocal electro-
magnetic surface waves. Owing to the broken reciprocity,
various novel near-field heat transfer phenomena have been
reported, including photon thermal Hall effect [1], persis-
tent heat current [2,3], thermal magnetoresistance [4–7],
thermal rectification [8], and Casimir heat engine [9,10].
In graphene, nonreciprocity can be induced by applying

an electric current [11–15]. Interesting properties of gra-
phene plasmons such as negative Landau damping [16] and
Fizeau drag [17,18] have been studied. Current-biased
graphene is in a nonequilibrium state, which leads to a
finite photonic chemical potential [19] that depends on the
in-plane wave vector q for the thermal electromagnetic
radiation. The occupation number of radiative photons at
angular frequency ω and electronic temperature T becomes
nonreciprocal, nðωÞ ¼ ½eℏðω−q·vdÞ=kBT − 1�−1, where vd is
the drift velocity of the electric current [20–23]. Regarding
regulation of the photonic chemical potential, a p-n
junction with a voltage bias has been reported to enable
solid-state cooling in the near-field regime [24–26].
In this Letter, we study the near-field energy transfer

between two parallel plates: graphene supported by a

substrate and a magneto-optic plate [see Fig. 1(a)]. In
the presence of an electric current through the graphene, a
net energy is transferred between the plates when they have
an equal electronic temperature. An in-plane magnetic field
perpendicular to the electric current is applied to the
magneto-optic medium. In the absence of the magnetic
field, the energy flux flows from the graphene to the
magneto-optic medium in the absence of a temperature
difference between the plates. Remarkably, the energy flux
direction can be controlled by the magnetic field due to the
nonreciprocal surface modes of the magneto-optic medium.
Furthermore, a tunable thermoelectric current can be
generated in the graphene with a temperature difference
between the two plates.
Formalism.—The system is schematically shown in

Fig. 1(a) where the substrate, graphene, and magneto-optic
plate are denoted by indices s, 1, and 2, respectively. Within
the framework of fluctuational electrodynamics [27,28], the
near-field radiative energy flux H on the magneto-optic
plate is given by [29–32]

H ¼
Z

∞

0

dω
2π

Z
cjqj>ω

d2q
4π2

ℏω½ns2ξs2ðω;qÞ þ n12ξ12ðω;qÞ�;

ð1Þ
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where q ¼ ðqx; qyÞ is the in-plane wave vector and ω is the
angular frequency. Here, nij ≡ ni − nj is the occupation
difference of the photons radiated from object i and j, with
i; j ∈ fs; 1; 2g. Photonic transmission coefficients ξs2 and
ξ12 with air gap separation d are expressed as

ξs2 ¼ 4jτ1j2ImðρsÞImðρ2Þe−2kzdjus1;2j2jus;1j2; ð2Þ

ξ12 ¼ 4Imðρs1ÞImðρ2Þe−2kzdjus1;2j2 − ξs2; ð3Þ

with kz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jqj2 − ðω=cÞ2

p
, us1;2 ¼ ð1 − ρs1ρ2e−2kzdÞ−1,

and us;1 ¼ ð1 − ρsρ1Þ−1. In the above, ρi is the reflection
coefficient for the p-polarized mode of object i, and τ1 is
the transmission coefficient of the graphene which is
treated as a thin film with finite thickness [33,34]. In
addition, ρs1 ¼ ρ1 þ τ21ρsus;1 is the reflection coefficient
of the graphene supported by the substrate. Details of
these coefficients are provided in the Supplemental
Material [35].
We now consider the scenario in which an electric

current is applied through the graphene and all the objects

have the same temperature T. In this case, ns2 vanishes, and
Eq. (1) becomes

H ¼
Z

∞

0

dω
2π

Z
cjqj>ω

d2q
4π2

ℏωn12ðω; qxÞξ12ðω;qÞ: ð4Þ

Without loss of generality, the electric current-induced drift
velocity vd in the graphene is along the positive direction of
the x axis. The photon occupation number difference
between the graphene and magneto-optic medium is thus
[20–23,45,46]

n12ðω; qxÞ ¼ ½eℏðω−qxvdÞ=kBT − 1�−1 − ½eℏω=kBT − 1�−1: ð5Þ
Equation (5) implies that the electric current results in a finite
energy flux even in the absence of a temperature difference
between the two plates. From Eqs. (4) and (5), a positive
energy flux indicates that it flows from the graphene to the
magneto-optic medium and inversely for a negative flux. In
this work, we consider a gap separation d of not less than
10 nm so that the contribution fromω < qxvd, which is only
sizable with a subnanometer separation [21,22], can be
neglected. For positive qx, the energy transfer is from the
graphene to the magneto-optic medium since n12 is positive
under ω > qxvd. For negative qx, n12 is negative, and the
energy transfer direction is opposite to that for positive qx.
We define the energy transmission function of the energy
flux in Eq. (4) as

Zðω;qÞ ¼ ℏωn12ðω; qxÞξ12ðω;qÞ; ð6Þ
which gives the energy transfer at given ω and q.
The energy flux spectrum hðωÞ is defined through
H ¼ R

∞
0 dωhðωÞ=2π.

For a three-dimensional object in the presence of
magnetic field B, its dielectric tensor has off-diagonal
elements due to the cyclotron motion at frequency
ωc ¼ eB=m�, where m� is the effective electron mass.
Usually, the off-diagonal elements are negligible. In
magneto-optic materials which have low carrier density
and small effective mass, the cyclotron motion frequency
ωc can be comparable to the plasma frequency, which leads
to large off-diagonal elements. Because of this, the surface
modes of magneto-optic materials are nonreciprocal in the
Voigt configuration. To study the interplay of the non-
reciprocal effects from the photon occupation number and
the surface modes, the magnetic field is applied along the
y direction so that the dielectric tensor reads

¯̄ϵðωÞ ¼

2
64

ϵd 0 iϵa
0 ϵp 0

−iϵa 0 ϵd

3
75; ð7Þ

with ϵa ¼ ϵ∞ωcω
2
p=fω½ðωþ iγÞ2 − ω2

c�g using the Drude
model. Here, ϵ∞ is the high-frequency dielectric constant,

(a) (b)

(d)(c)

FIG. 1. (a) Schematic plot of the near-field energy transfer
between graphene (1) supported by a substrate (s) and a magneto-
optic medium plate (2) with air gap d. In the presence of an
electric current with drift velocity vd through the graphene, a net
energy flux is transferred even when there is no temperature
difference between the two plates. Its magnitude and direction
can be modulated by the electric current and the magnetic field B
applied to the magneto-optic medium. (b) Energy fluxH versus d
at different vd with B ¼ 0 and T ¼ 300 K. (c) Energy trans-
mission function Z (in units of meV) at vd ¼ 0.3vF, d ¼ 20 nm,
and qy ¼ 0 against qx and ℏω. The black and magenta dashed
lines are the dispersions of graphene plasmons and the surface
modes of InSb at B ¼ 0 in the absence of damping, respectively.
(d) Spectrum hðωÞ at vd ¼ 0.3vF and d ¼ 20 nm.
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ωp is the plasma frequency, and γ describes the free-carrier
damping constant. The expressions of ϵd and ϵp are given in
the Supplemental Material [35]. The dispersion relation of
p-polarized surface modes with wave vector qx is [36]

ϵv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðω=cÞ2 − q2x

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵvðω=cÞ2 − q2x

q
− iϵaqx=ϵd ¼ 0; ð8Þ

with ϵv ¼ ϵd − ϵ2a=ϵd. This expression explicitly indicates
that ϵa gives rise to the nonreciprocal dispersion.
In magnetic Weyl semimetals, Weyl-node separation

in momentum space leads to the anomalous Hall effect
[47–49] such that there are off-diagonal components in the
dielectric tensor. Compared to magneto-optic materials,
magnetic Weyl semimetals intrinsically support non-
reciprocal surface polaritons [50,51]. Therefore, the mag-
neto-optic medium can be replaced by a magnetic Weyl
semimetal such that an external magnetic field is not
needed [7,37,52–54].
In the numerical calculation, we choose hexagonal boron

nitride as the substrate. The chemical potential of the
graphene is 0.1 eV. The drift velocity in the graphene is
set to around 0.3vF so that the nonreciprocity of the
graphene plasmons can be neglected [11]. This can be
seen from the black dashed lines in Fig. 1(c). The magneto-
optic medium is chosen to be InSb. The contribution from
the term ξs2 in ξ12 given by Eq. (3) is negligible due to the
mismatch between the surface modes from the hexagonal
boron nitride and InSb. Below, we separately discuss the
scenarios in the absence and presence of a magnetic field
at T ¼ 300 K.
Energy transfer at B ¼ 0.—Figure 1(b) shows the

energy flux versus gap separation d in the absence of a
magnetic field. The positive value of the energy flux is
explained as follows. Under B ¼ 0, the surface polaritons
of the InSb plate are reciprocal, as is the transmission
coefficient ξ12. Because n12ðω; qxÞ > −n12ðω;−qxÞ for
ω > qxvd with qx > 0, the energy transfer of the positive
qx dominates over that of the negative qx, and the net
energy flux is from the graphene to the InSb plate. This
argument is supported by the energy transmission function
Z in Fig. 1(c) and the spectrum hðωÞ in Fig. 1(d). The two
positive peaks in the spectrum correspond to the two
surface-polariton frequencies of InSb and are due to the
difference between the contributions from positive and
negative qx. Figure 1(b) shows that the energy flux
decreases with increasing separation d, which is due to
the evanescent nature of the surface modes.
Energy transfer at finite B.—We now consider the

situation in which a magnetic field B ¼ Bŷ is applied to
the magneto-optic plate. Positive and negative magnetic
fields B are defined as being along the positive and negative
directions of the y axis, respectively. For B > 0, the
dispersion of the surface polaritons in the magneto-optic
plate is redshifted for positive qx and experiences a blue-
shift for negative qx compared to the dispersion in the

absence of a magnetic field [55]. This scenario is opposite
for B < 0. The surface polaritons of the InSb plate for
positive and negative ReðqxÞ at B ¼ 4 T are shown in
Fig. 2(a). Here, qx is complex because the damping
constants are taken into account in Eq. (8). The polaritons
at ReðqxÞ < 0 are more strongly damped than those at
ReðqxÞ > 0. For the case with reciprocal surface modes and
photonic transmission coefficients, the energy transfer of
n12ðω; qxÞ with qxvd > 0 dominates over that of
n12ðω;−qxÞ, which leads to the net energy flux flowing
out of the graphene sheet. However, because of the
nonreciprocal surface polaritons of the magneto-optic
medium, the photonic transmission coefficients are differ-
ent for wave vectors of ðqx; qyÞ and ð−qx; qyÞ. This enables
the net energy flux direction to be changed by a mag-
netic field.
Figure 2(b) shows the energy flux versus the gap

separation at B ¼ 4 (solid line) and B ¼ −4 T (dashed
line) with vd ¼ 0.3vF. At B ¼ 4 T, the energy flux is
negative when the gap separation is larger than about
18 nm. To understand this, we show the energy trans-
mission function in Fig. 2(c) and the energy flux spectrum
hðωÞ in Fig. 2(d) at B ¼ 4 T and d ¼ 50 nm. The energies
ℏω around which the energy transfer is prominent are
indicated by arrows in Fig. 2(c). The arrows correspond to
the peaks in Fig. 2(d). The contributions from the positive

(a) (b)

(d)(c)

FIG. 2. (a) Dispersion of the surface modes of InSb in the Voigt
configuration at B ¼ 4 T. (b) Energy flux H versus separation d
at B ¼ 4 and B ¼ −4 T with vd ¼ 0.3vF and T ¼ 300 K.
(c) Energy transmission function Z (in units of meV) at
B ¼ 4 T, d ¼ 50 nm, and qy ¼ 0 against qx and ℏω. The black
dashed lines are dispersions of the graphene plasmons. The
energies ℏω indicated by the arrows are the same as the
corresponding energies indicated in (a). (d) Spectrum hðωÞ at
B ¼ 4 T and d ¼ 50 nm.
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and negative qx give rise to the positive and negative peaks,
respectively. The negative peak is broader than the two
positive peaks, which originates from the nonreciprocity of
the surface polaritons of InSb. Therefore, the increased
polariton damping at negative qx and decreased damping at
positive qx give rise to the negative energy flux at B ¼ 4 T
and d≳ 18 nm. The energy flux is positive at B ¼ 4 T and
d≲ 18 nm since the nonreciprocity of the photon occupa-
tion from the graphene increases with increasing magnitude
of wave vector qx. Thus, the interplay between the
nonreciprocal photon occupation number and the nonre-
ciprocal surface modes governs the net energy transfer
direction. For B ¼ −4 T, surface polariton broadening of
InSb occurs at positive qx such that the synergy from the
nonreciprocal effects of the photon occupation number and
the surface polaritons gives rise to the positive energy flux
in Fig. 2(b).
The energy flux versus magnetic field B behavior at

d ¼ 50 nm is displayed in Fig. 3. The energy flux vanishes
at certain magnetic fields, which are denoted as B−, B1

and B2 for vd ¼ 0.3vF. Under a small magnetic field
(0 < B < B1), the nonreciprocity of the surface modes
of InSb is weak such that the energy transfer direction is
dominated by the nonreciprocity of the photon occupation
in the graphene and is from the graphene to the InSb plate.
With increasing magnetic field, the energy flux first
becomes negative (B1 < B < B2) and then positive
(B > B2). The negative value of the energy flux can be
explained in the same way as that at B ¼ 4 T in Fig. 2(b).
For B ≤ 0, with increasing magnetic field magnitude, the

energy flux first increases and then decreases, finally
becoming negative. The region of positive energy flux
can be explained similarly to that at B ¼ −4 T in Fig. 2(b).
When the magnetic field is sufficiently large, the surface

polaritons in InSb become highly nonreciprocal. For a large
positive magnetic field, the surface waves at qx < 0 are
strongly damped such that their contribution to the energy
transfer is suppressed. Therefore, the energy transfer
contribution from qx > 0 dominates over that from
qx < 0 above a certain magnetic field [B2 at vd ¼ 0.3vF
in Fig. 3(a)], which leads to a net energy flow from the
graphene to the InSb plate. This explanation is supported
by Figs. 3(b) and 3(c). For a large magnetic field along the
negative y axis [B < B− in Fig. 3(a)], the contribution from
qx < 0 is dominant, which leads to a negative energy flux.
In the above, we have discussed the scenario in which

the in-plane magnetic field is perpendicular to the
electric current. When the magnetic field is parallel to
the electric current, the surface polaritons of the magneto-
optic medium are reciprocal along the direction of the
electric current. In this case, the net energy transfer is from
the graphene to the magneto-optic medium since there is no
interplay between the nonreciprocal effects.
Notably, our findings do not violate the second law of

thermodynamics. Energy could possibly be transferred
from one body to another at a higher temperature if there
is an external agent. This can be applied to our case in
which the two bodies have the same temperature, as an
external agent is needed to maintain the electric current in
the graphene.
Thermoelectric effect.—The phenomena discussed

above imply a thermoelectric effect. We consider the same
setup with a temperature difference between the two plates,
and no external electric current is applied to the graphene.
In this case, we have ns2 ¼ n12, and the heat flux is
expressed by

H ¼
Z

∞

0

dω
2π

Z
cjqj>ω

d2q
4π2

ℏωn12ðωÞ½ξ12ðω;qÞ þ ξs2ðω;qÞ�;

ð9Þ

with n12ðωÞ ¼ ðeℏω=kBT1 − 1Þ−1 − ðeℏω=kBT2 − 1Þ−1. Here,
T1 and T2 are the temperatures of the graphene plate and
InSb, respectively. When a magnetic field is applied along
the y axis in the InSb plate, the heat transfer rates at
momenta qx and −qx are different such that the electrons in
the graphene of momenta qx and −qx have different
occupations [see Fig. 4]. When the impurity scattering in
the graphene is weak, this occupation difference can induce
an electric current along the x direction in the graphene due
to its high electron mobility. The magnitude and direction
of the induced electric current can be controlled by the
magnetic field. Thus, the near-field thermoelectric effect
can be achieved. In the absence of a magnetic field, the in-
plane isotropy is preserved such that an in-plane electric

(a)

(b) (c)

FIG. 3. (a) Energy flux H versus magnetic field B at different
drift velocities vd with d ¼ 50 nm and T ¼ 300 K. (b) Energy
transmission function Z at qy ¼ 0, B ¼ 18 T, vd ¼ 0.3vF, and
d ¼ 50 nm against qx and ℏω. (c) Spectrum hðωÞ at B ¼ 18 T
and vd ¼ 0.3vF.
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current cannot be generated. The thermoelectric effect is
analogous to the Casimir heat engine in Refs. [9,10], where
the thermal energy is converted into mechanical work.
Notably, the thermoelectric effect in this work is different
from that in the traditional near-field thermophotovoltaic
cell using a p-n junction [56].
To conclude, we have studied the near-field energy

transfer between graphene and magneto-optic media.
The energy transfer is induced by the electric current
through the graphene in the absence of a temperature
difference. Its direction and magnitude can be tuned by the
electric current and the in-plane magnetic field in the
magneto-optic medium. The tunability of the direction is
due to the interplay between the nonreciprocal photon
occupation number from the graphene and the nonrecip-
rocal surface modes of the magneto-optic medium. We
have also proposed a form of the near-field thermoelectric
effect in which the electric current can be generated using
nonreciprocal surface modes. Our work paves a new route
toward nanoscale energy and thermal management and
harvesting using nonreciprocity.
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