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The discovery of topologically protected boundary states in topological insulators opens a new avenue
toward exploring novel transport phenomena. The one-way feature of boundary states against disorders and
impurities prospects great potential in applications of electronic and classical wave devices. Particularly, for
the 3D higher-order topological insulators, it can host hinge states, which allow the energy to transport
along the hinge channels. However, the hinge states have only been observed along a single hinge, and a
natural question arises: whether the hinge states can exist simultaneously on all the three independent
directions of one sample? Here we theoretically predict, numerically simulate, and experimentally observe
the hinge states on three different directions of a higher-order topological phononic crystal, and
demonstrate their robust one-way transport from hinge to hinge. Therefore, 3D topological hinge transport
is successfully achieved. The novel sound transport may serve as the basis for acoustic devices of

unconventional functions.
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Transport is one of the most fundamental and important
notions in condensed-matter physics and material science,
and it lays the foundations for almost all devices in
application [1-4]. The emergence of topological insulators
(TIs) provides an unprecedented opportunity for discover-
ing the state-of-the-art transport behaviors of electrons [5—
7] or waves [8—15], overcoming the conventionals, thanks
to the topological-protected boundary states they host. The
boundary states, which can survive the disorders and
impurities, exhibit the robust one-way feature [6,7]. This
shows great promise in low-loss devices of electronic and
classical wave systems, such as thermoelectric converter
[16,17], topological negative refraction [18,19], and topo-
logical laser [20].

Of special interest recently is the higher-order TIs, which
respect a generalized bulk-boundary correspondence. It
states that the d D nth-order TIs possess the boundary states
of (d — n) D [21-26]. In particular, for the 3D second-order
TI, there exist the topological-protected hinge states [27],
which localize on the hinges of the system. To date, the
hinge states have only been observed along single hinges
[28,29]. It raises a natural question: whether the hinge
states can exist simultaneously along all the three inde-
pendent directions in the higher-order TIs? Recently, such
hinge states have been proposed theoretically [30-37], but
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itis a great challenge to experimentally observe these states
and associated 3D one-way transport [38].

In this Letter, we theoretically predict, numerically
simulate, and experimentally observe the helical hinge
states along three independent directions in a higher-order
topological phononic crystal (PC). Specifically, it is con-
structed by stacking a bilayer hexagonal lattice, with
opposite on-site energies for the two layers and different
intracell and intercell layer couplings. By interchanging the
on-site energies of the bilayer or the intracell and intercell
layer couplings, four different phases are obtained, which
possess gapped surface and interface states. The Jackiw-
Rebbi mechanism [39] results in the hinge states along all
the three independent directions, as desired. More impor-
tantly, based on these independent hinge states, we dem-
onstrate the 3D robust one-way transport from hinge to
hinge. The theoretical, simulated, and experimental results
are in good agreement. Our work not only unveils the
exotic topological states of matter, but also opens an avenue
in the design of new devices.

We first introduce a tight-binding model with a unit cell
hosting four sites A; (magenta spheres) and B; (purple
spheres), where A, B denote the sublattices of each layer
and i = 1, 2 is the layer degree of freedom [left panel in
Fig. 1(a)]. The sites A; and B, have the same on-site energy

© 2021 American Physical Society


https://orcid.org/0000-0002-7596-9647
https://orcid.org/0000-0002-3254-8113
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.127.255501&domain=pdf&date_stamp=2021-12-17
https://doi.org/10.1103/PhysRevLett.127.255501
https://doi.org/10.1103/PhysRevLett.127.255501
https://doi.org/10.1103/PhysRevLett.127.255501
https://doi.org/10.1103/PhysRevLett.127.255501

PHYSICAL REVIEW LETTERS 127, 255501 (2021)

(a) ,A R 7 (b)
Gl

—e Rl

Energy (a. u.)

©

-
NS 2

7\

Energy (a. u.)

FIG. 1.

(a) Left panel: schematics of a bilayer hexagonal lattice with four sites in the unit cell. Right panel: the first BZ and associated

projected surface BZs. (b) Bulk band dispersions along the high-symmetry lines. (c) Surface state dispersions in the projected BZ in the
ky-k, plane. The red (black) curves represent the dispersions of the surface (bulk) states. The plotted parameters in (b) and (c) are chosen
as ty = —1,my = —0.5, t; = —0.8, and 1, = —1.2 in arbitrary unit (a.u.). (d) Schematics of the hinge states. The left panel, middle, and
right panel show hinge state along the x direction in the top (blue arrows) and bottom (green arrows) surfaces, the x and z (red arrows)

directions, and three independent directions, respectively.

my, while the other sites have the opposite value. At each
layer, the nearest-neighbor hoppings, labeled by 7, (gray
tubes), occur for both the sublattices A and B, while for two
adjacent layers, the hoppings, denoted, respectively, by ¢,
(yellow tubes) and t, (cyan tubes), emerge only for the
sublattice A. In the basis of (A, B;,A,, B,), the Bloch
Hamiltonian

H(k) = fi6, + f20, +myo.7,
+g1(0, + 60)1, + 92(0, + 09)7,, (1)

with  f; = o[l + 2 cos (V3k,/2)(cos k,/2)], f,=
21, sin (\/§ky/2) cos (k,/2), g1 = (t; +t,cosk,)/2, and
g» = —tpsin (k,/2), where k = (k,,k,.k;) is the Bloch
wave vector, and a and % are the lattice constants in the x-y
plane and along the z direction, respectively. o; and t;
(i = x, y, z) are the Pauli matrices acting on the sublattice
and layer degrees of freedom, respectively. The right panel
in Fig. 1(a) shows the first Brillouin zone (BZ) and its
projected surface BZs in the k,-k, and k,-k_ planes.
Because of the breaking of the sublattice symmetry and the
mirror symmetry along the z direction, the bulk band of the
Hamiltonian (1) opens a gap between the first and second
bands at the point H (or H'), as shown in Fig. 1(b). This gap
closes for r; = t,. Inthe case of #; < t,, this Hamiltonian has
gapped surface states in the k, -k, plane [red lines in Fig. 1(c)],
which have the energy extreme at the valley K (or K’). These
surface states are located, respectively, on the top and bottom
surfaces and share identical dispersions. For the top one,

they are governed, near K, by an effective Hamiltonian
H, = v,(q,0, + y0,) + mso;, where v, = (V319/2)x

1 —(t,/t,)?, mg = my is the effective mass, and g, and
gy are the infinitesimal momenta [40]. This effective
Hamiltonian supports a valley Chern number Ci =
sgn(my)/2. Since the effective mass can be well tuned by
controlling the on-site energies, we can introduce two phases [
and II with the opposite effective masses, i.e., £m,. When
these two phases touch at the x-z plane [left panel of
Fig. 1(d)], the hinge states along the x direction in the top
surface (blue arrows) are formed by the Jackiw-Rebbi
mechanism [39]. These hinge states are protected by an
integer topological invariant ACg = sgn(my) [13], and are
dominated by an effective Hamiltonian H;j = v,q,s,, where
s, is the Pauli matrix acting on the valley degree of free-
dom [40]. This effective Hamiltonian demonstrates the helical
property of the hinge states, which can also be verified from
their dispersions [40]. The hinge states in the bottom surface
(green arrows) are the same as those in the top surface, but
with an opposite topological invariant. Similarly, the hinge
states along the y direction can also be produced when these
two phases touch at the y-z plane.

Note that when I and II touch, there also exists gapped
interface states, which have the energy extreme at the valley
H (or H') [40]. In the vicinity of H, they are dominated by
an effective Hamiltonian H, ; = \/31yg.7,/2 + LT,/ 2+
myy7,, where g/ and g, are the infinitesimal momenta,
myy = (1, — 1,)/2 < 01is also the effective mass controlled
here by the interlayer couplings [40]. In this case, a valley
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FIG. 2. (a) The side (left panel) and top (right panel) views of
the unit cell for I. (b) A photo of the 3D printing PC sample.
(c) The schematic structure of the PC sample. (d) Projected band
dispersions along the k, direction in the top surface. The color
maps represent the experimental data, while the black (gray)
circles reflect the simulated results of the hinge (bulk and surface)
states. (e) Measured (left panel) and simulated (right panel)
acoustic pressure field distributions of the hinge states at
f. = 10.0 kHz. The green stars denote the positions of the point
source.

Chern number Cz; = —1/2. We further introduce two extra
phases III and IV, in which III (IV) has a similar property as
that of the phase I (I) but with ¢#; > #,. When III and IV
touch also at the x-z plane, similar interface states emerge
and have an effective mass myy = (#; — #,)/2 > 0. Since
myy < 0and myy > 0, when the interfaces of I-1I and III-
IV touch [middle of Fig. 1(d)], the helical hinge states along
the z direction (red arrows) are also produced by the
Jackiw-Rebbi mechanism [39]. They are protected by an
integer topological invariant |ACyz| =1 [13] and are
governed by an effective Hamiltonian Hj = 1,4.s,/2.
The corresponding dispersions are plotted in Ref. [40].
Since the on-site energy of I (II) has the same as that of
I (IV), no interface states of I-III and II-IV emerge. Also,
for ¢; > t, in [l and IV, no surface states in the k,-k, plane
can be found. As a result, for the structure in the middle of
Fig. 1(d), the hinge states only along the x and z directions
can be produced. Fortunately, by introducing an L-shaped
design for II based on the above structure, the hinge states
along all the three independent directions can be achieved
successfully, as shown by the right panel in Fig. 1(d).
Notice that all the interfaces are here designed as the zigzag
type, the new hinge states are generated along the direction
that has 30° with respect to the y axis. Considering that all
the hinge states are originated from the same effective
Hamiltonian near the H point, reflections are greatly
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FIG. 3. (a) A photo of the 3D-printing PC sample with four
phases I, II, IIT, and I'V. (b) Schematic structure of the PC sample.
(c) and (d) Projected band dispersions along the k, direction,
when the point sources are placed at the top and bottom surfaces,
respectively. The color maps represent the experimental data,
while the black (gray) circles reflect the simulated results of the
hinge (bulk and surface) states. (¢) Measured (left panel) and
simulated (right panel) acoustic pressure field distributions of the
hinge states at f, = 10.0 kHz. The green star denotes the position
of the point source.

suppressed since the reflected modes are associated with
different valleys [13,41], which indicates the emergence of
3D robust one-way hinge transports.

We now experimentally verify our findings in PCs.
Figure 2(a) shows the side (left panel) and top (right panel)
views of a unit cell for I. This bilayer hexagonal unit
cell is formed by two triangular prism scatterers, which
have the same side length (sq = 12.85 mm) and height
(hg = 6.00 mm), but opposite rotation angles, 30°, with
respect to the x axis. Two types of the triangular holes are
drilled through the neighboring supporting plates with the
side lengths and heights, s; = 3.46, h; = 6.50 mm and
s, = 8.66, h, =10.40 mm. The lattice constants a =
17.32 and h = 28.90 mm. The unit cell of II has the same
as that of I but with the opposite rotation angle for each
layer, while the unit cell of III (IV) is the same as that of |
(II) but with different s; = 8.66 and s, = 3.46 mm. Note
that the PCs can well capture the underlying physics of the
tight-binding model introduced [40].

We first observe the hinge transport along the x direction.
Using the 3D printing technology with the stereo lithog-
raphy appearance, a PC sample with 30 x 15 x 6 unit cells
is fabricated by the plastic stereolithography material, as
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FIG. 4. (a) A photo of the printing PC sample with an L-shaped design for II. (b) Measured (left panel) and simulated (right panel)
acoustic pressure field distributions at f, = 10.0 kHz. The gray-arrowed lines reflect the one-way transport of the sound wave along the
hinges of the sample. The green stars denote the positions of the point source. (c) Measured transmissions with (red curve) and without
(black curve) two cases of the weak disorders. The shadowed region indicates the overlapped band gap of the surface and interface
states. (d) Measured (left panel) and simulated (right panel) acoustic pressure field distributions at f, = 10.0 kHz with the disorders in
(c). The disorders are generated by rotating randomly the scatterers at the range of +10°, and located, respectively, in the bottom surface

and in the third and fourth layers, as shown by red boxes in the right panel of (d).

shown in Fig. 2(b). Figure 2(c) reflects the structure of this
PC sample by stacking the unit cells of I and II along the z
direction. Since the PC sample has two hinge states located,
respectively, in the top and bottom surfaces, we should
separately measure the acoustic pressure fields of these
surfaces. A subwavelength headphone acted as a point
source is placed at the left end (green star) to excite the
hinge state in the top surface. A subwavelength microphone
acted as a receiver is inserted into the sample to measure the
acoustic pressure field [40]. By Fourier transforming the
measured acoustic pressure fields, the hinge state
dispersion along the k, direction is obtained in Fig. 2(d).
The left panel in Fig. 2(e) presents the measured acoustic
pressure fields at the excitation frequency f, = 10.0 kHz
It shows that the sound wave propagates to the right end
along the hinge in the top surface and decays rapidly in the
vertical plane. The experimental data agree well with
the full-wave simulations, as shown by the right panel in
Fig. 2(e). If the point source is placed at the right end, the
sound wave propagates to the left end at the same excitation
frequency [40], which, together with Fig. 2(e), verifies the
helical property of the hinge states. Furthermore, the hinge
states in the bottom surface are similar to those in the top
surface [40].

We then observe the hinge transport along the z direction
by printing another PC sample with 20 x 16 x 14 unit cells
shown in Fig. 3(a). The corresponding structure is illus-
trated in Fig. 3(b). This PC sample is constituted by four
phases L, I, III, and IV. When the point source is placed at
the intersection point of the four phases in the top surface,

the measured hinge state dispersion along the k, direction is
shown by colors in Fig. 3(c). Because of the helical
property, the hinge state can also be excited by the point
source in the bottom surface and the corresponding
dispersion is measured in Fig. 3(d). The observed dis-
persions match well those of the simulation. In Fig. 3(e), we
observe (left panel) and simulate (right panel) the acoustic
pressure fields at f, = 10.0 kHz, showing that the sound
wave propagates from the bottom to the top along the hinge
of the z direction.

Finally, we observe 3D hinge transport by printing a PC
sample with 24 x 16 x 4 unit cells shown in Fig. 4(a). By
placing the point source at the bottom surface, we measure
the acoustic pressure field distributions in the top and
bottom surfaces as well as the interfaces of I-III and II-IV.
The left panel of Fig. 4(b) presents the experimental data at
fo. = 10.0 kHz. It shows that the sound wave first prop-
agates along the hinge of the bottom x-y plane, then turns
into the hinge of the z direction, and finally travels along
the hinge of the top x-y plane (gray-arrowed lines). This
experimental observation, matching with the simulation
shown by the right panel of Fig. 4(b), demonstrates
definitely the 3D hinge transport, as expected.

In Fig. 4(c), we also measure the transmissions for the
weak disorder to demonstrate the robustness of the 3D
hinge transport. The weak disorder is generated by rotating
randomly the scatterers at the range of +10° and has two
cases. One is in the bottom surface and the other is in the
third and fourth layers, as shown by red boxes in the right
panel of Fig. 4(d). At this time, the point source and the
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receiver are placed at the incident port on the bottom
surface and outgoing port on the top surface, respectively.
The red (black) curve of Fig. 4(c) shows the experimental
data with (without) these disorders. These curves show that
for the weak disorders, the transmissions within the
frequency range of 9.6 ~10.1 kHz remain consistent.
Figure 4(d) presents the measured (left panel) and simu-
lated (right panel) acoustic pressure field distributions at the
excitation frequency of 10.0 kHz, which again shows that
the weak disorders hardly affect the multichannel hinge
transport. The results in Figs. 4(c) and 4(d) clearly verify
the robustness of the 3D hinge transport. This is a universal
property caused by the intrinsic topological feature of the
acoustic TIs.

In summary, we have theoretically predicted, numeri-
cally simulated, and experimentally observed the helical
hinge states along three independent directions in a higher-
order TI. The 3D robust one-way transport from hinge to
hinge has been realized successfully, which is in sharp
contrast to the recent works about the higher-order topo-
logical semimetals with only 1D hinge transport [42—46].
This novel sound transport may serve as the basis for
acoustic devices of unconventional functions [47].
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