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Topological quantum states have attracted great attention both theoretically and experimentally. Here, we show that
the momentum-space lattice allows us to couple two Su—Schrieffer—Heeger (SSH) chains with opposite dimerizations and
staggered interleg hoppings. The coupled SSH chain is a four-band model which has sublattice symmetry similar to the
SSH4. Interestingly, the topological edge states occupy two sublattices at the same time, which can be regarded as a one-
dimension analogue of the type-1I corner state. The analytical expressions of the edge states are also obtained by solving
the eigenequations. Finally, we provide a possible experimental scheme to detect the topological winding number and

corresponding edge states.

Keywords: topological quantum states, edge state, momentum-space lattice

PACS: 42.50.Ct, 71.23.An

1. Introduction

Since the topological aspect of the quantum Hall effect is
revealed,!'! a phase transition mechanism beyond Ginzburg—
Landau paradigm is being gradually established. Topological
quantum states have attracted great attention due to their ro-
bustness against various disorders. Lots of topological phe-
nomena have been explored, such as topological insulators
(TIs), 8 topological semimetals,®~'?! high-order TIs,!!3-13]
topological Anderson insulators,!'®'8] and non-Hermitian
skin effect.['%>21 Many of these phenomena have been ob-
served through different platforms, such as cold atom,!?3-23]
solid, 2527 photonic crystal,[?%°1 phononic crystal,?%-33! and
superconducting circuits. 343!

Momentum-space lattice provides a powerful tool to
study various interesting physical phenomena. It has been
shown that two different mechanisms, a quantum version[37]
and a classical version,3! can be used to achieve the
momentum-space lattice. The quantum one applies the so-
called superradiance lattice,’®*#!! in which the optical field
couples different spin-wave states, known as timed-Dicke

states, [*2

! to form a tight-binding model, by switching the
phase-correlation wave vector discretely. The other mecha-
nism, namely, the classical version, utilizes the classical inter-
action between light field and atoms. Under this paradigm, the
recoil momentum of atoms becomes discrete, which offers op-

portunity to simulate lattice sites in solid systems.[*3*! The
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latter owns a unique advantage that the boundaries of the lat-
tices can be unambiguously determined. As such, it is prefer-
able to use the classical version when focusing on physics con-
fined on edges.

In this paper, we propose a two-leg-coupled Su—
Schrieffer—Heeger (SSH) model by using the classical
momentum-space lattice. By calculating the energy band and
winding number, we obtain the topological phase diagram.
It is found that the topological edge states occupy two sub-
lattices at the same time, which can be regarded as a one-
dimension analogue of the type-II corner state.[*®! Then, we
further demonstrate the existence of the type-II edge state by
solving the eigenequations. Finally, the experimental schemes
for the topological winding number and corresponding edge
states detections based on current experimental setups are pro-
posed.

2. Model and Hamiltonian

We consider a system of two-level ultracold atoms inter-
acting with Bragg laser beams as shown in Fig. 1. Two of
these lasers propagate rightward and carry wave numbers k|
and ky (ki /ky is irrational), respectively. The lasers propagat-
ing leftward can be sorted as two classes: the beams with wave
number k| and the others with wave number k,. The leftward
propagating lasers characterized by k; (k2) are composed of

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

014208-1


http://dx.doi.org/10.1088/1674-1056/ac3650
guanxin810712@163.com
mailto:bkxyfjt@163.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 31, 014208 (2022)

2(N — 1) (N) discrete frequency components. After adiabati-
cally eliminating the excited state, the momenta of atoms are
shown to take quantized values p,, , = 2%i(mk; + nk;), where
m and n are integers (see Appendix A for details). Prop-
erly engineering the frequencies of the Bragg lasers such that
Em+1,n) / h

—Ennt1) /R is achieved, we are able to

the two-photon detuning with wi” —
(Enn
couple the momentum states |n, m> with |n,m+ 1) (jn+ 1,m)).
Here E,, = (2mhk, +2nhky)? /2M, and w+ (w};) denotes
the frequency of the laser beam propagating rlghtward (left-

W]_,' = (Em,n -
t
[wy —wy, =

ward) with wave number k;, and the subscript i in w; spec-

ifies the i-th frequency component. After a rotatmg wave
approximation, 3343 the Hamiltonian is written as
H = hZ(Qk],n+2m |n,2m+ 1) {n,2m|
m,n

+ ékl nt2m—1|n,2m) (n,2m —1|)
+1Y (2k,2m11,2m) (0,2m|
m

+Qom1|1,2m—1)(0,2m— 1)+ He., (1)

where le i= Ql’iQJr /4A, and €, ; is the Rabi frequency of the
light field with wave number / (= kl,kz) and frequency com-
ponent i. By setting ka om =, .ka m—1 =1, leqzm =w,
and le 2m—1 = v, the Hamiltonian (1) can be recasted into the

following two-leg-coupled SSH model:

N
A~ N ~ IR ) n ~ ~ ~
H==Z(m%%0+wnﬁm+ﬂ@¢mrHﬁ%WM

Z:W%HO%0+WHJ@H)+HC 2)

(a) kq
—

-
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Fig. 1. (a) Sketch of the proposed experimental setup. The counterpropagat-
ing lasers form a set of Raman structures inducing transitions between dif-
ferent momentum states. The solid and dotted lines represent the laser fields
with wave numbers k; and k;, respectively. Different colors represent differ-
ent Rabi frequencies. (b) Free-particle dispersion relation and recoil energy
Er) = 12k?/2M. The open and filled circles represent the momentum states
in legs n =0 and n = 1, respectively. The intraleg and interleg transitions are
controlled by lasers with wave numbers k; and k, respectively.

where the field operator &; , ((36T ) annihilate (create) a parti-
cle at sublattice o (= a, b) of the n-th leg and j-th unit cell. The
intraleg (interleg) hopping strengths are denoted by v and w (#;
and ). The Hamiltonian (2) describes two-leg-coupled SSH
chains with staggered interleg hoppings and opposite dimer-
izations. The system respects a glide reflection symmetry and
a mirror symmetry for #; = 12147481 We set £y = 1 as the unit
of energy hereafter.

09_9 Q_Q
|t1 ||t2 |

166)—66—66

Fig. 2. Sketch of the tight-binding model. The model consists of two
legs n =0 and 1, each of which constitutes a SSH type chain. #; and
1, are the staggered interleg hoppings. v and w are the intracell and
intercell hoppings within one leg.

3. Energy spectrum and winding number

To catch some insight into the topological property of the
system, we first plot the energy spectrum of Hamiltonian (2)
with open boundary condition. As shown in Fig. 3, two zero-
energy states appear in the gap for (w+v)? > t1t, and w < v.
As w increases, these two zero-modes first merge into the bulk
band at w = v, and then reappear for w > v. The zero-mode
pairs for w < v and w > v are both deep inside the band gaps
[see the top panels of Figs. 3(b) and 3(c)], whereas their pop-
ulation distributions behave distinctly. This is illustrated in
the bottom panels of Figs. 3(b) and 3(c). It can be seen that
for w = 0.6, the population distributions are mainly localized
at the four fock basis @ 110), @39410), b 010) and b201 |0),
whereas for w = 1.6, the zero modes populate b1,1 |0), bzo,o |0},
aAJ{AO |0) and dZO,l |0) instead. The physics behind this phe-
nomenon will be detailed in Section 4.

The bulk property can be conveniently captured by con-
sidering the periodic boundary condition. To this end, we ap-
ply a Fourier transformation, &;, = 1/\/N/2Y; e*iéy , to
write the Hamiltonian into the Bloch space as

Hy = YA (k) ¥, 3)
where ¥ = (dro, bro, a1, bry,)T and
0 0 1 N w+ve ik
i
e[ e
wtvelk 153 0 0

0 At
<h0>. “4)

Here T is a transport operator.
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Fig. 3. (a) Energy spectrum of the two-leg-coupled SSH model under open boundary condition with 20 unit cells, the other parameters
are v=1 and , = 1.4. The red line denotes the zero-energy mode. The yellow and green dots are the points where the band gap closes
(w=/tit —v~0.18 and w = v = 1). The top panels of (b) and (c) are the eigenenergy with w = 0.6 and w = 1.6, respectively. The bottom

panels of (b) and (c) depict the density population of the edge states with w = 0.6 and w = 1.6, respectively.

Diagonalizing Hamiltonian (4), we obtain the eigenen-

ergy
E (k)= i\/M/zi./M2/4—D, (5)

where M = 12 + 13 +2(v? + w? + 2vwcosk) and D = 133 +
(V2 +w? 4+ 2vwcos k)2 —2t112[2vw + (v* +w?) cosk].  Fig-
ures 4(a)-4(d) plot the band structure E (k) with 7, = 1.4,
v = 0.8 and various w. It is to be seen that the system host

four different bands, out of which the two lowest (highest)
ones have no intersections at the edge of the first Brillouin
zone due to the breaking of glide reflection symmetry. As
shown in Fig. 4(a), the band gap keeps open for weak w.
However, as w is increased from weak to strong, the system
successively exhibits gap closing [Fig. 4(b)], gap reopening
[Fig. 4(c)], and gap reclosing [Fig. 4(d)], signaling that the
topological phase transitions may happen twice. The fate of

(b)

|

B 0 S 0>©<

/\/\

" 0 2 -2 0 2
k k

Fig. 4. Plots of the energy band under periodic boundary condition
with t, = 1.4, v=10.8 and (a) w = 0.1, (b) w = 0.4, (c) w = 0.6 and
(d) w=0.8. (a) and (c), both with a nonzero band gap, correspond to
topological trivial and non-trivial cases, respectively; (b) and (d) show
a gapless band structure, signaling the appearance of topological phase
boundary.

the gap-closing points can be unveiled by inspecting the equa-
tion E (k) = 0, from which we find that the band gap closes at
a single point k. = 0 [two points k. = “arccos(t1t/2v> — 1)]
when (w+4v)2 =11t [(W+v)? > 111 and v = w].

1.6

1.2

0.4

0 0.4

0.8
w

1.2 1.6

Fig. 5. Phase diagram on the v—w plane with #,#, = 1.4. The points a—d
correspond to band structures in Figs. 4(a)—4(d).
It is straight forward to show that the Hamiltonian (4) ex-
hibits the following sublattice symmetry:

A= (6)

The sublat-
tice symmetry presented in Eq. (6), together with the time-
reversal [H* (k) = H (—k)] and particle-hole [['H* (k)I"~! =
—H (—k)] symmetries, guarantees that the system belongs to

—H (k).

where I' = %3 ® I is the sublattice operator.

the BDI symmetry class according to “tenfold way”.[%! Hence,
the topological invariant is the winding number!!!

W= / %Tr [h~'dgh] (7
with which we numerically map out the full phase diagram in
Fig. 5. It can be seen that, depending on different parame-
ters, the winding number can take 1, 0 and —1 representing
different topological phases. This can also be understood ana-
Iytically by expressing Eq. (7) as

W= [ 2 n (Detfh(t)}) = are (Detn (1)) /21, ®

014208-3
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where
Det|h (k)| = 1112 — 2vw — (v} +w?) cosk — i (w? — v?) sink. (9)

The determinant (9) defines a map: S' — C. Because of
h(—n) = h(r), the map forms a closed smooth curve on the
complex plane

X = titp — 2vw — (v2 +w2) cosk,

y = —(w? —V?)sink, (10)
which gives rise to an elliptic equation defined by
_ -2 2 2
[x— (1182 — 2vw)] y _1 (11
(V2 +w?)2 (w2 —12)2

The semi-major axis of the ellipse is @ = (w? 4 v?) and the
center is (¢t — 2vw,0). While for (w +v)? < 1112, the ellipse
does not go around the origin leading to zero winding num-
ber, the ellipse goes around the origin if (w+v)? > f,t>, which
produces non-zero winding number £1. The sign of the non-
zero winding number is controlled by the direction of the curve
governed by Eq. (10). That is, as k increases, Det|h (k)| goes
clockwise (anticlockwise) around the origin for v >w (v < w),
yielding W =1 (W = —1).

4. Edge state solutions

We now give an analytical expression of the edge states,
which has been numerically depicted in Fig. 3, to unambigu-
ously demonstrate their type-II character. The eigenstates of
Hamiltonian (2) assume the general form

¥ = Z(‘V(a,o). ;&j,ﬁ ‘I’<b,0>7ji’;,o
J

+W(a71),jd;1 +‘I/(b,1),ji7;,1) 0). (12)

The edge states are zero mode satisfying H¥ = 0, which

yields
WYo.1),; FVWb1), -1 TH Vo). = 0, (13)
WY(.0),j+1 VW00, T2Vo1).; = 0, (14)
VW0, T WYb0),j-1 1V, = 0, (15)
VWi 1),j+1 T WY, 1), +2¥p0),; = 0 (16)

The form of the sublattice operator I motivates us to divide
the whole Hilbert space into two subspaces I and II, which
are characterized by the basis sets I = {a;00) bia |0)} and
I = {4, |0) bio |0) }, respectively. Notice that subspace I
and subspace II are completely decoupled and host opposite
recursive structures, i.e., the roles of w and v interchange in
Egs. (13) and (15). This implies that the wavefunctions be-
longing to the two subspaces will exhibit opposite asymptotic
behaviors. According to the theory of difference equations, we
have

Ala{ —Azﬁlj, titr > 4vw,
(A1 +A2)) (L), tity = 4vw, (17)
e/ (A| cos jo +Azsin jo), N2 <4vw,

V(a,0),j =

Bia — By f, titp > dvw,

W)= (Bi+Baj) (L), tity = 4vw, (18)
e/ (Bj cos jo + Bysin jo), fit2 < 4w,
Crag — CapBy, ht > dvw,

Y60.i =4 (C1+Caj) (%), nty = 4vw, (19)
L (CicosjO+Cysinj0), N2 < 4yw,
Dla{_Dlﬁzja tity > dvw,

V)i =\ (D1+D2j) (%) nn = 4vw, (20)

e/™¥ (Djcos jO + Dysin j@), fii2 < 4vw,

where o = [(l‘ll‘z — 2vw) + \/t12t22—4th112]/2W2, ﬁl =
[(t1ty — 2vw) — \/tlztz2 —4vwiitr]/2w?. ap (Bp) assumes the

same form of o (fB;) but with v <+ w. The semi-infinite
boundary condition fixes the left edge as W 00 = Y(a,1)0 =
V(5,000 = V(p,1),0 = 0. This imposes a constraint on the coeffi-
cients such that for t,t, > 4vw, Y| = —Y> and otherwise ¥} =0
(Y =A,B,C,D). Therefore, from Eqgs. (13)—-(16), we have
{ WWp1),1 + 1 Wa0),1 =0, @1

YWb,0),1 TH W11 =0.

This means (1) Y(3.1).1 = Y(0,0),1 = ¥(6,0),1 = Y(a,1),1 =0
or (ii) Ya0),1/¥p,1),1 = —w/ti and Y 1)1/ W01 = —v/h-

According to the above analysis, we obtain

A(Otlj—ﬁlj), 1315) >4VW,

Vo) =\ Aj ()7, ity = 4vw, (22)
Ae/™ sin jo, hit2 <4vw,
—A (1) (o —ﬁlj% hty > dvw,
V=3 —A(R) (%), yhty =4vw, (23)
—A (tfl) e/Ing sin j@, tity < 4dvw,
B(Oé'z’?ﬁg"), titr > dvw,
Vb0 =4 Bi (%), tity = dvw, (24)
Be/"Vsin jO, fita <4vw,
_ v J_RpJ
B(tl)(az 'ﬁz)’ t1t2>4vw,
Vi =4 ~B(£)i(%),  nn=dm @)
v e . ., i <4dvw,
—B (E) e’/ "V sin jO,
which  gives  W1); = —(O1/W)Wa0),; and W), =

—(v/t1)W(p,0),j- It can be seen from Eqs. (22) and (24) that, for
v>w (v <w), Yeo), (Wao),,) decreases to zero and Y, ) ;
(W(»,0),;) Increases to infinity as j increases. As a result, the
edge states can not occupy both subspace I and subspace II at
a single end. Moreover, if the edge states occupy subspace I at
the left end, they will occupy subspace II at the right end, and

vice versa.
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5. Possible experimental observation

We now propose a dynamical scheme to experimentally
detect the topological winding number and edge states.

In an experiment, the winding number can be conve-
niently captured by the chiral displacement (CD),[4>31 C(¢) =
(I{o1X), where X is the position operator of the unit cell and
I = @NT is the total sublattice operator. Since C(t) is
sensitive to the choice of the initial state, to be concrete, let
us denote C{;ﬁ,,(t) as the CD obtained from the state initial-
ized at the sublattice (u,n) (U = a,b and n = 0,1) of the
unit cell j. We thus introduce an extended CD defined at
the unit cell j as the addition of the two independent trajec-
tories: C/(t) = CZ}O (1) +Cli1 (¢). Itis found that the long-time-
averaged CD, namely, C = limy_..(1/T) f] C/(r)dt, gives
nothing but the topological winding number. Figure 6 shows
the numerical simulations of C with N = 10 and T = 5 ms.
The time evolutions of C/(¢) for two representative parameter
regimes are shown in the left and right insets. It is clear that the
long-time-averaged CD can indeed provide correct predictions
about the winding number and the corresponding topological
phase transitions. In our model, we begin with all lasers turned
off and prepare the initial states at the central unit cell. Explic-
itly, the two initial states are y; = (0,...,0,1,0,0,0,0,...,0)

20
(]
£ 0
=

0
Q
£
=

1 10 20
Site of leg 0

0.9

0.5

0.1

and y, =(0,...,0,0,0,0,1,0,...,0). The corresponding mean
chiral displacements are Cgo(t) and Cg] (t). Then, we sud-
denly turn on the Raman couplings. As the evolution of the
system is determined by the Hamiltonian (2), we can evalu-
ate C270(t) and Cg,l (t) by a series of absorption images of the
atomic population distribution.

10 b N MNNALANAAAN
V
=0 -
&)
0.1
10 0.5 F%% 25 5. 4 ]
t (ms)
O
O o0
N -2
0 J 0 2.5 50
\j t (ms)
0.4 0.8 1.2 1.6
w

Fig. 6. The time-averaged chiral displacement as a function of w. The
red line is the theoretical prediction of the winding number. The blue
line is the numerical simulation with N = 10. The insets show the chiral
displacement as a function of time. The other parameters are the same
as those in Fig. 3.

20
0.9

10 0.5
0.1

0

0.5

= 0.3

0.1

2 10 20
Site of leg 1

Fig. 7. Population dynamics of the single-particle state initialized at the sublattice (a,0) of the first unit cell with v = 0.6, 7, = 1.4 and N = 10.
(al) [(a2)] plots the atomic distribution on leg 0 (leg 1) with w = 0.2. (bl) and (b2) are the same as (al) and (a2) but with w = 1.2.

The edge state can be detected by monitoring the atomic
distribution on different momentum states. In experiment, we

can suddenly turn off all laser beams, such that atoms evolve

to different momentum states. Then we measure the absorp-
tion image and count the number of atoms in the different mo-

mentum states. For example, for a BEC initially prepared at

014208-5
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the zero momentum state, the Raman couplings can be con-
veniently designed to produce a momentum lattice in which
the initial state populates the sublattice (a,0) of the first unit
cell. Therefore, the localization of the BEC on its initial
state is a clear signature of the presence of edge state. As
shown in Fig. 7, we numerically calculate the dynamics of the
atomic distribution for a BEC initialized at the zero momen-
tum state for different coupling parameters. It is seen that, for
(w+v)? > 11, [Figs. 7(b1) and 7(b2)], the BEC is localized at
the sublattices (a,0) and (b, 1) of the first unit cell, whereas it
extends to the whole lattice sites for (w+v)? < t1t, [Figs. 7(al)
and 7(a2)].

6. Conclusion

In summary, we have proposed a feasible experimen-
tal scheme to study the topological properties of a two-leg-
coupled SSH model with staggered interleg hopping. It is
found that this model supports two nontrivial topological
phases and a trivial phase. By solving the eigenequations, we
have predicted the presence of a type-II edge state. This can be
regarded as an analog of type-II corner state in two dimension.
Based on the relationship between edge state and topological
invariant, we have built the bulk—boundary correspondence in
our system. Moreover, possible experimental observation of
the edge states and bulk topological invariants have been ad-
dressed.

Appendix A

The laser beams that generate the coupled SSH chain in
momentum space take the following form:

Ef (x,t) = E{ cos (k{2 — ot +¢;") (A1)
E; (x,1) =Y Ejcos (k£ —wjt+¢;), (A2
i
ES (x,t) = Ef cos (kj £— ot + ¢, , (A3)
E; (x,1) =Y E;;cos (kyf— 1+ ¢5;) , (A4)
i
E=FE +E,. (AS)
The Hamiltonian of the free atoms reads
. p?
Hp = 5 +ha fe) (e +hay [g) (g]
p2
= w +hweg |€> <€| 9 (A6)

where ®,;, = @, — @, and we have taken the ground state to be
zero energy. The atom—field interaction under dipole approxi-
mations is described by

A~

Hipy=—d-E, (A7)

where d is the atomic dipole operator. Applying the rotating-
wave approximation and transforming into a rotating frame,

the total Hamiltonian becomes

A A pP?
H = Ha+Hipg = 5— +1A|e) (e
2m

+ g [Qf (o* ek feid’ 4 6 e_ikrfe_i(pr)
LT (0" eHiteilor-aiveei
:
n G_e-ik;ﬁe—i[(wf—wﬁ)”d’ﬁ])
0 (0" el —of)re)
n G_e—ik;xefi[(wﬁfwf)”‘i’zﬂ)
+ Y (o et eillel —enes]
i
+6,e,ikiﬁeq[(w,ﬂwﬂ)ﬁ%ﬂ)], (A8)

where A = @y — a)f is the single photon detuning. The
Schrodinger equation under the Hamiltonian (AS) is

ino; |(Pg (t)>
132 fi e iad
:%|‘Pg(l)>+§m1+e ik fe=iy
I T
i
+Q;e—ikgﬁefi[(wﬁ*wf)’wzﬂ
+Y @y e aferilermitall | (1)), (A9)
i
ﬁZ
= 510 (1)) + 74 |ge (1)
lorenisen
Y0 et ellor oo
i
N ]

+

+Y 0y ety ool g, (1)) (A10)

Tuning the single photon detuning A such that it is much
larger than the characteristic energy of other degrees of free-
dom, we can safely eliminate the excited state |e) by setting
iho; |, (1)) = 0, yielding

iho, |(Pg (t)>
PZ h _iipte_ st
™ "Pg (t)>7 E[Qf’e e
+Y Q) e it eillof —oroq]
7
JrQ;e—ik;)eefi[(w?w;)’wzﬂ
1Y 05 e haterill0f o3l o i £10))
i
+Y 0 eiltitHo] -ap)rtoq]
i
+Qz+eik;,\?ei[(wl+*wz+)’+¢2+]

+Zgieikiﬁei[(wf*wi)”r%}] o (1)) - (Al12)

The effective Hamiltonian can be readily read out from
Eq. (A8) as

014208-6



Chin. Phys. B 31, 014208 (2022)

h(ﬂﬁ-f hes)”

n(25)°

h(Q
eff[ 4A l. T
Q0

_hz 4A

_Z<z

it gil= (@) —@p)r+(9~9p7)]

X"

+
ei2kis gil—(f ~op)r(of o)) 2 ige gil-(of )07 m)
4A

D ki il (o) a3+ (6F ¢2,>])

+ — —
(R e il (of —a o -0 Ly i i il o003
4A ii!
_hz Q8 cillOG-0p0+(05,-97) hz Q5 .Q* (e =0y )8, —0)] (A13)
Al i#l
\
where k; = kl+ = —kfj, k = k2+ = —kgj, p = ki —kp, and Under the basis represented by Eq. (A14), the diagonal and
q=ki+k. off-diagonal terms of Hamiltonian (A13) are respectively
We now define a discrete basis of relevant plan-wave mo-  given as
mentum states |m,n,r,s) (with m, n, r and s being integers),
having momenta py, , s = ii(2mk; + 2nky + rp + sq). Choos- Ay (p) = Z (2mhiky 4 2nhk; —l—xp—i—yq)z
., ia(p) =
ing k| /k, to be irrational, we can write the complete basis in minx,y 2m
momentum space as X |m,n,x,y) (m,n,x,y|, (A15)
I= |m,n,r,s) (m,n,r,s|. (A14)
m;,r,s and
|
Horr ( Y Y Quetie OO 1) |+ 3 Y Qe e 08 g 1) (o
mmn,x.y i mmn,x,y i
+ Y peree e o+ Y, Yol et e e [yt ) o
mmnx,y i mpnx,y i
~— ot —o0F) —iloF—ot 91_-92_4 i[(0,—07)+0, 1]
+ Z Qe —0)e i(of —a)r [x+ 1) (x| + Z L2 M@y =)0l | 4-1) (x| + H.c|. (A6)

mn,x,y mn,x,y,ii

—~ _ T Qrof . .. ..
0= 0 — 0, Ql = ¢, — ¢, Q1o = ~L32. Note that in writing the momentum basis in

Hamiltonians (A15) and (A6), we have 1gn0red the 1rrelevant quantum numbers which keep invariant. Moving into an interaction

— o
where €; = —4=

picture characterized by the unitary transition Up = exp (%Iflo (p) t) , the total Hamiltonian can be written as

N

_du} . N
HI(P)ZlhTtPUP-FU;H( )Up lh UP+U (Hgia (p) + Hotr (p))Up

N + - 12)
{Z'qu (nm) |m+1 m|+29k2m\n+l (n| + Z _Q —i{(@(5) =@y ),) —AEy /Rl +ig; 1) 0

m,n,x,y,i

Qpe ! 91> Q-0 o~
+ Z leefl[wE*AEx/h]mq)lz |x—+ 1) (x| + Z ZMem’F"’e i[(; —@y,)—AEx/ht 1 ><X|—|—H.c}, A1)
LY mnx,y i il 4A
where
f)kh(,,‘m) = Z Zb‘ieia{ie*i[(@frfwl;)f(Em+]7Em)/h]t7 Al8)
’ nxy i
fzkz Z Z_Qz eupz,e i[(0F —w5;)—(Eq1—En) /Rt (A19)

mx,y i

are the hopping amplitudes between adjacent momentum states m — m+ 1 and n — n+ 1. The first two terms satisfy Bragg

resonance conditions [wir —wy; = (Empn — Emt1,0) /hand w; —wy; = (Empn — Empns1) /1]. The last three off-resonant terms are
rapidly oscillating with time, and can thus be neglected using a rotating wave approximation. Therefore, the two-leg-coupled

SSH model in the main text is achieved.
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