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Abstract: Optical fields and forces can be greatly enhanced for a microparticle when the
whispering gallery modes (WGMs) are excited. In this paper, by solving the scattering problem
using the generalized Mie theory, the morphology-dependent resonances (MDRs) and resonant
optical forces derived from the coherent coupling of WGMs are investigated in multiple-sphere
systems. When the spheres approach each other, the bonding and antibonding modes of MDRs
emerge and correspond to the attractive and repulsive forces, respectively. More importantly,
the antibonding mode is good at propagating light forward, while the optical fields decay
rapidly for the bonding mode. Moreover, the bonding and antibonding modes of MDRs in
the PT-symmetric system can persist only when the imaginary part of the refractive index is
small enough. Interestingly, it is also shown that for a PT-symmetric structure, only a minor
imaginary part of the refractive index is required to generate a significant pulling force at MDRs,
making the whole structure move against the light propagation direction. Our work deepens
the understanding of the collective resonance behavior of multiple spheres and paves the way
for potential applications in particle transportation, non-Hermitian systems, integrated optical
devices, etc.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Confining light at the nanoscale has attracted widespread interest due to its numerous applications
[1–3]. A nanoscale whispering gallery modes (WGMs) particle is considered an important
tool in light confining and enhancement due to its high quality (Q) factor [4]. Similar to the
reflection of sound waves on walls, the optical WGMs exist at the curved interface of high
refractive index materials [5,6]. In 1908, Mie theoretically studied the WGMs in a spherical
cavity indirectly through scattering spectroscopy [7]. In 1977, Ashkin and Dziedzic first observed
the enhancement of the radiation pressure induced by WGMs [8]. Subsequently, the resonance
peak corresponding to WGMs observed in fluorescence spectra also attracted wide attention [9].
Various high-Q WGMs optical microcavities have been studied, such as high-sensitivity sensors,
low-threshold lasers, etc. [10–15]. Moreover, the optical forces and resonances in two-sphere
systems are also explored [16–20]. In reality, a system usually has multiple particles, such as
optical matter [21,22]. Thus, it is important to know the morphology-dependent resonances
(MDRs) and the resonant optical forces’ behavior in multiple-sphere systems.

The concept of PT-symmetry was first introduced into quantum mechanics by Bender in 1998
[23,24], and it has triggered many new and interesting phenomena in other fields [25–31]. In
optics, PT-symmetry can be established by incorporating gain and loss with the refractive index
satisfying n(r) = n∗(−r) [32–34]. Many applications such as optical switches and lasers have
been discovered [35–38], and studies on optical forces in PT-symmetric systems are also carried
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out [39,40]. Then the natural question is: how do MDRs and their induced optical forces behave
in PT-symmetric systems?

This paper systematically investigates the resonant behavior and resonant optical forces
induced by MDRs in multiple-sphere systems. Unique resonance phenomena in multiple-sphere
systems are exhibited, and the interesting pulling effect of optical forces generated by MDRs in
PT-symmetric systems is found. This work dramatically extends the previous studies on MDRs
and adds more degrees of freedom for optical micromanipulation.

2. Optical force acting on each sphere in a multiple-sphere system

The time-averaged optical force acting on a sphere (e. g. sphere j, for simplicity, dropping the
sphere index j) in a multiple-sphere system illuminated by an arbitrary incident optical field can
be calculated by integrating the Maxwell stress tensor over the outer surface of the sphere [41,42]

⟨F⟩ =
∯

S
n · ⟨T⟩dσ, (1)

in which n and dσ are the local outward unit normal and the area element of the surface S,
respectively. The time-averaged Maxwell stress tensor is given by

⟨T⟩ = 1
2

Re[ε0EE∗ + µ0HH∗ −
1
2
(ε0E · E∗ + µ0H · H∗)I], (2)

where ε0 (µ0) is the permittivity (permeability) of the background medium, I is the unit dyad,
EE∗ ≡ E⊗E∗ and HH∗ ≡ H⊗H∗ with ⊗ the dyadic product, E and H are the total electromagnetic
fields surrounding the sphere, i.e., the sum of the incident Ei (Hi) and the scattered Es (Hs) fields
that can be expressed in terms of the vector spherical wave functions M(J)

m,n, N(J)
m,n [43]

Ei = -
∑︁
n,m

iEm,n[pm,nN(1)
m,n(k, r) + qm,nM(1)

m,n(k, r)],

Hi = - k
ωµ

∑︁
n,m

Em,n[qm,nN(1)
m,n(k, r) + pm,nM(1)

m,n(k, r)],

Es =
∑︁
n,m

iEm,n[am,nN(3)
m,n(k, r) + bm,nM(3)

m,n(k, r)],

Hs = k
ωµ

∑︁
n,m

Em,n[bm,nN(3)
mn(k, r) + am,nM(3)

mn(k, r)],

(3)

where

Em,n = |E0 |in
[︃
(2n + 1)
n(n + 1)

(n − m)!
(n + m)!

]︃1/2
, (4)

i is the imaginary unit, k is the wave number in the background medium, r is the position vector
in the jth coordinate system with the origin setting at the center of sphere j, n runs from 1 to +∞,
including all orders of multipoles, and m from -n to+ n in the summation. pm,n and qm,n(am,n
and bm,n) are the partial wave expansion coefficients for incident (scattered) fields, and it follows
from the boundary conditions [44] that

am,n = anpm,n, bm,n = bnqm,n, (5)

where an and bn are the Mie coefficients [45]. It should be noted that the incident field Ei(Hi)
in Eq. (3) striking at the surface of sphere j consists of both the initial incident waves and the
scattered fields of all other spheres (l≠j), thus the corresponding expansion coefficients calculated
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by using the multiple scattering theory [46] are

pm,n = p(j,j)m,n +
∑︁
l≠j

p(l,j)m,n = p(j,j)m,n −
∑︁
l≠j

∑︁
v,u

[a(l)uvAuv
m,n(l, j) + b(l)uvBuv

m,n(l, j)],

qm,n = q(j,j)m,n +
∑︁
l≠j

q(l,j)m,n = q(j,j)m,n −
∑︁
l≠j

∑︁
v,u

[a(l)uvBuv
m,n(l, j) + b(l)uvAuv

m,n(l, j)],

am,n = an

{︄
p(j,j)m,n −

∑︁
l≠j

∑︁
v,u

[a(l)uvAuv
m,n(l, j) + b(l)uvBuv

m,n(l, j)]

}︄
,

bm,n = bn

{︄
q(j,j)m,n −

∑︁
l≠j

∑︁
v,u

[a(l)uvBuv
m,n(l, j) + b(l)uvAuv

m,n(l, j)]

}︄
,

(6)

where p(j,j)m,n(q(j,j)m,n) and p(l,j)m,n(q(l,j)m,n) denote the partial wave expansion coefficients for the initial
incident waves exerted on sphere j and the incident waves from the scattering of other spheres (l≠j),
respectively, Auv

m,n(l, j) and Buv
m,n(l, j) [45,46] are the translation coefficients for the transformation

from the origin centered at sphere l to that of sphere j.
So the total external fields in Eq. (2) at the surface of sphere j should be

E =
∑︁
n,m

iEm,n[am,nN(3)
m,n(k, r) + bm,nM(3)

m,n(k, r) − pm,nN(1)
m,n(k, r) − qm,nM(1)

m,n(k, r)],

H = k
ωµ

∑︁
n,m

Em,n[bm,nN(3)
m,n(k, r) + am,nM(3)

m,n(k, r) − qm,nN(1)
m,n(k, r) − pm,nM(1)

m,n(k, r)].
(7)

When the background medium is lossless, the integration of the Maxwell stress tensor in Eq. (1)
can be done over an infinitely large sphere surface instead of at each sphere’s outer surface due to
the conservation of momentum. Then, after some algebra, the optical force can be expressed in
terms of the expansion coefficients of scattering and incident fields [47]

Fx = Re[F1], Fy = Im[F1], Fz = Re[F2], (8)

where

F1 =
2πε0
k2 |E0 |

2
∞∑︂

n=1

n∑︂
m=−n

{︄
[(n − m)(n + m + 1)]1/2

n(n + 1)
(ãm,nb̃∗m+1,n+b̃m,nã∗m+1,n−p̃m,nq̃∗m+1,n−q̃m,np̃∗m+1,n)

−

[︃
n(n + 2)(n + m + 1)(n + m + 2)

(n + 1)2(2n + 1)(2n + 3)

]︃1/2
(ãm,nã∗m+1,n+1+b̃m,nb̃∗m+1,n+1−p̃m,np̃∗m+1,n+1−q̃m,nq̃∗m+1,n+1)

+

[︃
n(n + 2)(n − m)(n − m + 1)
(n + 1)2(2n + 1)(2n + 3)

]︃1/2
(ãm,n+1ã∗m+1,n+b̃m,n+1b̃∗m+1,n−p̃m,n+1p̃∗m+1,n−q̃m,n+1q̃∗m+1,n)

}︄
,

(9)

F2 = −
4πε0
k2 |E0 |

2
∞∑︂

n=1

n∑︂
m=−n

{︃
m

n(n + 1)
(ãm,nb̃∗m,n−p̃m,nq̃∗m,n)

+
[︃
n(n + 2)(n − m + 1)(n + m + 1)

(n + 1)2(2n + 1)(2n + 3)

]︃1/2
(ãm,nã∗m,n+1+b̃m,nb̃∗m,n+1−p̃m,np̃∗m,n+1−q̃m,nq̃∗m,n+1

⎫⎪⎪⎬⎪⎪⎭ ,

(10)
and

ãm,n = am,n −
1
2pm,n, p̃m,n =

1
2pm,n,

b̃m,n = bm,n −
1
2qm,n, q̃m,n =

1
2qm,n.

(11)

Our calculations are general for arbitrary incident light and are accurate in principle within
classical electrodynamics, and the numerical convergence is controlled by the maximum angular
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momentum (set to 65, for the size parameters used here) at which the series expansion was
truncated.

In addition, the total optical force exerted on the whole multiple-sphere system is

Ftot =

N∑︂
j=1

Fj, (12)

where N is the total number of the spheres in the system. Moreover, the optical force of each
sphere with respect to the averaged force of the entire particle system is expressed as

Frel = Fj − Ftot/N, (13)

indicating the relative motion of each sphere.

3. Numerical results and discussion

Numerical calculations (conveyed in terms of frequency) are carried out to investigate the resonant
optical force in a multiple-sphere system when WGMs are excited and coupled coherently. For
simplicity, the multiple-sphere system is composed of a line of spheres (radius R= 2.5µm)
illuminated by a linearly polarized (x-polarized) plane wave propagating along the sphere
cluster’s axis (z-axis) with a modest intensity of 104 W/cm2.

Due to the high-Q factor, the optical force exerted on a single polystyrene sphere increases
visibly when the WGMs are excited, which can be seen from the sharp peak 39TE1 in Fig. 1,
and the enhanced electromagnetic fields near the surface of the sphere are shown beside the
peak. Moreover, when two spheres approach each other, the optical force enhances more
significantly (see the force acting on the first sphere as an example denoted by the red line in
Fig. 1). Their WGMs are coherently coupled and split into the bonding and antibonding modes
through quasi-normal mode splitting [48,49], similar to the hybridization of atomic orbitals
in electronic systems [50]. The resonant frequencies of the bonding and antibonding modes
are lower and higher than that of a single sphere. The same rules apply to multiple-sphere
systems. As the number of spheres increases (see the configuration denoted by the inset), the
resonant frequencies of the splitting antibonding modes will exhibit blueshift. In contrast, there
is no consistent trend for resonant frequencies of the bonding modes. However, with the further
increase in the number of spheres, the blueshift phenomenon of antibonding modes is no longer
obvious, and the peak positions of the bonding and antibonding modes will stabilize due to
weakening coupling between the newly added particles and the first sphere. Furthermore, the
resonant line widths are much wider than that of a single sphere, providing more robustness
against size dispersion in the study of MDRs in experiments. For the system composed of two
spheres, the amplitude of the bonding mode is larger than that of the antibonding mode, while
for the system composed of multiple spheres, the situation is quite different. We will further
illuminate this later. It should be noted that we chose the 39TE1 mode because it is very sharp
and far from other modes (peaks) [18]. This can avoid the impact of coupling and splitting of
other modes in the multiple-sphere system.

Regardless of the number of spheres in the system, the bonding and antibonding modes all
correspond to the attractive and repulsive force, respectively, as can be seen in Fig. 2, in which
we plot the optical force exerted on each sphere with respect to the averaged force of the entire
particle system [see Eq. (13)]. For the bonding modes indicated by the orange stars, the optical
forces tend to make the whole system form a stable structure. For the two-sphere system, the two
spheres move towards each other under the action of attractive force, forming a stable structure
that moves together [see Fig. 2(a)]. While for the system composed of three or four spheres,
the first sphere moves upwards, and the other spheres move downwards, thus also forming a
stable structure [see Figs. 2(b) and 2(c)]. As the number of spheres further increases, as shown
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Fig. 1. The optical force exerted on the first sphere of each multiple-sphere system versus
size parameter kR. The incident linearly polarized plane wave propagates along the sphere
cluster’s axis (z-axis) with the configuration depicted by the inset. The field distribution for
the cluster composed of a single polystyrene sphere (ε = 2.5281, the outline of the sphere is
denoted by the black dashed line) is also shown in the illustration beside the peak (39TE1,
where 39 and 1 denote the mode and the order number [18], respectively, and TE represents
transverse electric) where the WGMs is excited. The permittivity of the touching polystyrene
spheres in systems with the number of spheres N= 2-9 is ε = 2.5281 + 10 - 4i [18], in which
Im(ε) = 10−4 is added to obtain a reasonable Q factor considering losses due to impurities
or defects in the manufacture of particles.

in Fig. 2(d), the attraction between spheres becomes complicated, which still tends to form an
aggregated structure. But for the antibonding modes represented by the blue stars, the mutually
repulsive optical forces drive the particles apart.

Differences between the behaviors of bonding and antibonding modes in the multiple-sphere
system are further investigated by analyzing the local intensity and electric field generated on
the spheres. From Figs. 3(a) and 3(c), one can see that the bonding mode has a relatively large
field intensity at the contact point in the two spheres system, while the antibonding mode has
the minimum field intensity. At the same time, the electric field distribution of the bonding
and the antibonding modes are different near the contact point (see the enlarged electric field
inset), similar to the distribution of the wave functions combined for the bonding and antibonding
molecular orbitals [51], giving rise to attraction or repulsion. More importantly, we find that,
for a system composed of multiple spheres, the antibonding mode is good at propagating light
forward [see Figs. 3(c) and 3(d)]. The optical fields can be confined to the particle surface
and continuously excited forward along the axis of the particle cluster. This can find potential
applications in laser or integrated optical devices [4]. However, for the bonding mode, the
maximum field intensity is always limited between the first two spheres, and the optical fields
decay rapidly along the sphere cluster’s axis, as seen in Figs. 3(a) and 3(b). The intensity
distribution can also reflect the relative changes in the forces of the bonding and antibonding
modes in Fig. 1.

Then if the system is a PT-symmetric structure composed of loss and gain spheres, what will
happen to the resonance and splitting of the WGMs, and how will the corresponding optical force
behave? Consider a PT-symmetric structure composed of two spheres with the refractive index
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Fig. 2. Relative optical forces exerted on each sphere versus size parameter kR are shown
for systems with the number of spheres N= 2, 3, 4, and 9, respectively [see the insert figures
for the configurations and the legend of forces in (d)]. The orange and blue stars represent
forces corresponding to the bonding and antibonding modes, respectively. The inset in panel
(d) is an enlarged view of the peak indicated by the black arrow. The permittivity of the
polystyrene spheres is ε = 2.5281 + 10 - 4i.

satisfying n(r) = n∗(−r) [32–34]. It is found that for the PT-symmetric structure, their WGMs
are still coherently coupled and split into the bonding and antibonding modes if the imaginary
part of the refractive index is small, as seen in Fig. 4(a). And corresponding to the bonding
and anti-bonding modes, there are attractive and repulsive forces between the two spheres [see
Fig. 4(b)], respectively. However, with the increase of the imaginary part of the refractive index,
the peaks corresponding to the bonding and antibonding modes gradually deviate from those
of the lossless structure and merge progressively. From Fig. 4(a), it seems that the larger the
imaginary part of the refractive index of the PT-symmetrical structure, the weak the resonance.
But this is not true if one sees a more extensive range of size parameters [see Fig. 4(c), where the
shade corresponds to the range of kR in Fig. 4(a)]. Strong resonances of the PT-symmetric and
the lossless structures are excited over different ranges of size parameters (or frequencies).

More importantly, the total optical force of the PT-symmetric structure behaves differently
from that of the lossless structure, which can be seen in Fig. 4(d). The total optical force for
the structure composed of lossless materials is always positive (the black line). But for the
PT-symmetric structure, no matter whether the impinging light is incident from the side of the
gain sphere (the green line) or the side of the loss sphere (the magenta line), the total optical force
can be negative, that is, the whole structure can move against the direction of light propagation
[52–56]. And the field distributions at the peaks show the pattern of MDRs [the field intensities
at the peaks corresponding to the green and magenta triangles are shown in Fig. 4(e)]. This
is the same story for PT-symmetric structures composed of more spheres. However, with the
further increase of the imaginary part of the refractive index, no matter whether the light is
incident from the side of the gain sphere or the side of the loss sphere, the optical field is
mainly distributed around the gain sphere and radiating outward [the field intensities at the peaks
corresponding to the olive-green and burgundy triangles in Fig. 4(f) are shown in Fig. 4(e)].
The optical pulling force can still be obtained when the photons are mainly forward scattered,
which can be clearly seen from the intensity distribution shown in Fig. 4(e). Physically, the
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Fig. 3. (a) The intensity distribution when the bonding modes (indicated by the orange stars
in Fig. 2) are excited for structures with N= 2, 3, 4, and 9, and the outlines of the spheres are
denoted by white dotted lines. A magnified view of the x-component of the electric field
on the y-z plane corresponding to the white dashed square area is shown below it. (b) The
intensity distribution along the sphere cluster’s axis (z-axis). (c) The intensity distribution
on the y-z plane and (d) the intensity of electric fields along the sphere cluster’s axis are
plotted when the antibonding modes (indicated by the blue stars in Fig. 2) are excited. The
permittivity of the polystyrene spheres is ε = 2.5281 + 10 - 4i, and the center of the spheres
are (0, 0, z) in the Cartesian coordinate system.

optical pulling force appears when the incident light has less momentum along the beam axis
than the forwards-scattered photons [52]. Since the PT-symmetric structure does not have mirror
symmetry, during the interaction with light, the optical force depends on the direction of the
incident light, as can be seen from Figs. 4(d) and 4(f). Generally speaking, the peak positions are
different when the light is incident from the side of the gain sphere or from the side of the loss
sphere [40]. However, the peak positions in the lower panel of Fig. 4(d) are the same because of
the relatively small imaginary part of the refractive index. If the imaginary part of the refractive
index increases, such as the situation in Fig. 4(f), the vertical dashed lines show that the peak
positions no longer overlap.
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Fig. 4. (a) Optical force exerted on the first sphere of a lossless or PT-symmetric structure
(see the inset) versus size parameter kR. (b) Relative optical forces exerted on each sphere in
the PT-symmetric structure [see the inset in (a), n= 1.59± 0.005i] versus kR. (c) Optical
forces exerted on each sphere of a lossless (the upper panel, n= 1.59) or a PT-symmetric
[the lower panel, see the inset in (a), n= 1.59± 0.005i] structure versus a more extensive
range of size parameters [the shade corresponds to the range of kR in (a)]. (d) The total
optical force exerted on the lossless (the upper panel, n= 1.59) or the PT-symmetric (the
lower panel, n= 1.59± 0.005i) structure. The two cases of the incident from the side of the
gain sphere or the side of the loss sphere are represented by the green and the magenta lines,
respectively. The distributions of field intensities at the peaks corresponding to the green
and magenta triangles are shown in (e). (f) The total optical force exerted on a PT-symmetric
structure (n= 1.59± 0.136i) with the olive-green and burgundy lines denoting the two cases
of the incident from the side of the gain sphere or the side of the loss sphere, respectively.
The distributions of field intensities at the peaks corresponding to olive-green and burgundy
triangles are also shown in (e). The separation between adjacent spheres in PT-symmetric
structure is D= 2R+ 0.01µm.
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4. Conclusion

In conclusion, the MDRs’ behavior and the corresponding optical forces are investigated in a
multiple-sphere system composed of a line of spheres with the same radius. The incident light
used as an example is a linearly polarized plane wave propagating along the sphere cluster’s
axis. Other forms of incident light can also be used to investigate the resonant effect and forces.
Regardless of the number of spheres in the system, their WGMs are coherently coupled and
split into the bonding and antibonding modes when they approach each other. And finally, the
peak positions of the bonding and antibonding modes stabilize due to the weakening coupling.
Moreover, the bonding and antibonding modes all correspond to the attractive and repulsive
force, respectively. More importantly, the antibonding mode is good at propagating light forward,
which may find potential applications in laser or integrated optical devices. Last but not least, the
bonding and antibonding modes of MDRs in the PT-symmetric system can persist only when the
imaginary part of the refractive index is small enough. Furthermore, the total optical force of
the PT-symmetric structure can be negative, which is completely different from that of lossless
structures. Thus, the PT-symmetric structure can move towards the source at MDRs. Elaborated
investigation on MDRs and resonant forces in this work provides more flexibility for optical
micromanipulation.
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